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PREFACE. 



I have endeavoured to make this Key something more 
than a dry collection of processes, exemplifying the mere 
mechanism of practical Algebra. 

Its main object is, of course, to furnish, with sufficient 
detail, full-length solutions to all the unworked examples 
in the book with which it is connected. But I have not 
foiled to take advantage of the opportunity which the pre- 
paration of a work of this kind affords, to edge in here and 
there whatever collateral information I could, consistently 
with the avowed character of the performance. These supple- 
mentary items of knowledge, introduced as occasion offered, 
merely fill up, as it were, the little interstices that would 
otherwise remain vacant, and help to render the book in 
some measure a Companion, as well as a Key, to the former 
volume. In this way I have been enabled to introduce 
illustrative remarks and practical improvements, that may 
be acceptable even to those who may have but little occasion 
for a Key, in the sense in which a book so called is usually 
understood. For instance,' I have given some particulars, 
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IV PREFACE, 

which I hope may prove interesting to the inquiring student, 
in reference to Detached Coefficients, to the easier manage- 
ment of Irrational Polynomials, and to the general theory 
and interpretation of Congeneric Surd Equations — topics 
but very briefly touched upon in the Algebra itself, but 
which the learner will find to be deserving of more special 
notice. The last-mentioned subject in particular — the sub- 
ject of Congeneric Surd Equations — is, I think, here put in 
a much more clear and satisfactory light than it has hitherto 
appeared in ; and it will be found, . I hope, to be now as 
little chargeable with obscurity and uncertainty as the other 
parts of Algebra. 

I may mention, too, that in reference to the important 
topic of Numerical Equations, I have largely illustrated a very 
efficient practical method, of finding the leading figure of a 
root — a method announced by me a few years ago, but as yet 
but little known. I am not an advocate for the introduction 
into elementary books of this kind, of every thing which 
authors may consider to be original. Such books are scarcely 
the fitting places for innovations in science, however original, 
and, indeed, however valuable they may be, unless they very 
palpably abridge labour, or smooth down difficulties. 

But to find the first figure of a real root of a numerical 
equation, is a preliminary indispensable to every method 
of actual development. Hitherto, little or no aid has been 
supplied, by books on Algebra, to guide the learner in his 
search for it ; I was therefore under the nejoessity of giving 
him directions of my own, or else leaving him without any 
resource but that of chance-trial or guess-work. Of course, 
I am speaking here of elementary school-books, .and not of 
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PREFACE. V 

works devoted expressly and exclusively to the general 
theory and solution of Equations. 

As I am anxious that the method here adverted to should 
be placed before the student with sufficient fulness to enable 
him to gain a comprehensive view of its advantages, I have 
introduced some supplementary instructions respecting it in 
a Note at the end. I have also given, in the form of Notes, 
some additional information on two other topics : on the 
general theory of Elimination in Equations of the first 
Degree, and on the Exponential Theorem. This latter sub- 
ject is treated in the note referred to in a peculiar way ; but 
the student will .perceive that brevity of investigation and 
completeness of result are both combined in the method 
adopted ; and from the satisfactory specimen thus furnished, 
he may be led to invest the apparently insignificant symbol 
' with more importance, among the implements of analytical 
research, than is usually accorded to it — though not more 
than is justly its due. As the opportunity offered, and as 
a page or two of space was still at my disposal, I have fol- 
lowed up this investigation with some particulars of use only 
in more advanced inquiries, though I have not failed to make 
them the occasion for mentioning a principle— connected 
with the Multiplication of Series — which will be found to 
shorten the work of certain questions often met with in 
common Algebra^ namely, the finding a specified term in the 
product of two given algebraical polynomials : and with an 
illustration of this principle the volume ends. 

I have only further to add, that all the examples and 
questions in the Algebra I have worked out myself — none 
have been copied; and that I entertain the hope that the 
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VI PKEFA.CE. 

new edition of the Algebra, now carefully revised and 
thoroughly corrected, if studied in connexion with this 
volume of Solutions, will be found sufficient to enable an 
otherwise unaided student to acquire a sound and accurate 
acquaintance with the scientific principles of Algebra, both 
in theory and in practice. 

J. R. YOUNG. 
London, 1854 
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KEY 



THE INTRODUCTION TO ALGEBRA. 



This Key is written with a twofold purpose : one object — 
and the principal object — is to supply to the self-taught 
student the absence of an instructor; the other is to furnish 
occasional aid to teachers themselves. This kind of assistance 
is perfectly defensible. Algebra abounds in investigations 
requiring the exercise of calm consideration/ and of undis- 
turbed and undivided attention. These cannot always be 
brought into operation amidst the multifarious duties of the 
school-room. What might be readily disposed of in the 
privacy of the closet, might occupy a good deal of time there; 
and among so many claimants for a portion of it, time is an 
object The author, therefore, thinks it anything but dis- 
creditable in a teacher to refer now and then to a Key. It 
is unreasonable to expect that a difficulty, that may have 
detained an intelligent learner for an hour, though his best 
energies may have been concentrated upon it, should be 
removed by the teacher in a moment ; and tjie author can- 
didly confesses, that he should at once decline the challenge 
to solve even some of his own questions in this offhand kind 
of way. He considers it, indeed, to be a perversion of the main 
purpose of mathematical study, to make it subservient to the 
mere knack of rapidly solving questions: a question that 
does not give exercise to thought and reflection is not worth 
the ink consumed in its solution. On this account a Key 
should be but sparingly used, even by the solitary student ; 
while to the properly qualified teacher, its chief use is to 
refresh his memory as to the expedients and artifices best 
adapted to particular cases, and to save his time in the ex- 
amination of the petty details and mere mechanical operations 
in the learner's work. 
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ADDITION. 



ADDITION.— Page 22. 



[Ex. I.] The cofefficiehts of x, in this example, when con- 
nected together by their proper signs, are 3—5+7+2— 
6 + 1 — 4 ; the sum of the positive coefficients is evidently 13, 
and the sum of the negative coefficients, — 15 ; and 13 — 15 
is — 2 : the first column of quantities therefore amounts to 
— 2 a?. The coefficients in the second column are 2 — 3 + 
1+4 — 5 — 7 — 6; that is, 7 — 21, or — 14: therefore the 
second column amounts to — 14a&; so that the sum of both 
columns is — 2x — 14a6. 

[2.] The coefficients in the first column are 17 — 9 + 8 + 

5 — 11 + 7; that is, 37 — 20, or 17. The coefficients in the 
second column are —9 — 2 + 3—1+4 — 5; that is, 7 — 17, 
or — 10 : therefore the amount is 17 xy — lOcz. 

[3.] The coefficients of a? are 4 + 7 — 3 — 5 + 6; that is, 
17 — 8, or 9: the coefficients of y are —2 + 5—3—4 + 

6 + 1 + 7 ; that is, 19 — 9, or 10 : the coefficients of z are 
3 — 1 + 4 — 2 — 5 + 6; that is, 13 — 8, or 5: lastly, the 
coefficients ofaare —1+2 + 4 — 3 + 5 — 6; that is, 11 — 
10, or 1: therefore the amount is 9«+10y + 5« + a, the 
coefficient 1 being omitted before the a, because once a is a. 

The coefficients of axy are 1 — 3 + 2 + 12 + 9 — 
that is, 24 — 18, or 6: the coefficients of b z are 
3 — 2 + 4 — 5 + 1 — 3 + 7; that is, 12 — 13, or — 1; and 
the numbers in the third column amount to 20 — 24, that is 
to — 4 : therefore the whole result is 6 axy — b z — 4. 

[5.] The coefficients of abcx are —13 + 5 — 2 — 9 + 
17 + 1— 2; that is, 23 — 26 = — 3; the coefficients of my 
are 2 — 4 + 3 — 7 — 9 + 5 = 10 — 20 = — 10; and the co- 
efficients of nz are —3 + 7 — 8 — 2 + 6 + 14 = 27 — 13 = 
14 : therefore the amount is — 3abcx~- lOmy + 14ns. 

[6.] 1-7-3 + 12-2 = 13-12 = 1, the coe£ of xy; 
_ 1_ 7+ 5 — 9 _l 3 + 4 + 6 = 15 — 20= — 5,thecoef.of az; 
I + 4 _ 3 + 5_9 _2 + i=10£-14= - 3£, thecoefcof be; 
_ 1 + 2 - 5 + i + 7 -3- 1 = 9£- 10 = - £, thecoefof d: 
therefore the amount is xy — 5 a z — 3£ b e — £ d. „ 

b2 



,i% 



Digitized by 



Google 



4 KEY TO YOUNG'S ALGEBBA. 

[7.] 2 — 1 + 6 — 3 — 5 + 2 = 1, the coef. of abx; — 3 + 
6 — 2 + 8— 1 = 8, the coef. of dy; 5—2+7—8—3— 
2 + 1 = — 2, the coe£ gf ez; also the amount of the numbers 
in the last column is —4: therefore the whole amount is 
abx + 8dy — » %ez — 4. 

[8.] 4 + 5 — 7 + 9 = 11, the ooef. of abx; —3 + 2 + 
4-5=s — 2, the ooef. of cdy; 2 —.4 — 6 — 1 = — 9, the 
ooef. of z : therefore the amount is 1 1 abx — 2 cdy — 9 z. 

[9.] 15-11-1=3, thecoef, ofwsy; 7-13 + l = -5, 
the coef. of nz; — 3 + 1 — 2 — 25 = — 29, the ooef, of ab \ 
therefore the amount is 3 wary — 5fiz — 29 ab. 

[10.] 10 + 3 — 7 + 1=7, the coef. of xyz\ —8—5 — 2 = 
-r 10, the coef. of a be ; 5 — 3 + 1 = 3, the coef. of de : there- 
fore the amount is 7xyz-r- 10 a be + Sde. 

[11.] -2 + 6-9=-5,thecoef.ofc#; 3-7 + 1 + 4 = 1, 
the coef of dy; 4 — 5= — 1, the coef. of xz; —8+ 14 — 
6 — 8 = r* 8 : therefore the amount is — 5cx + rfy — #g — 8. 

[12.] 5 + 7 + 3- J =14, the coef. of x; 4^9 + l = -4, 
the coef. of aby ; 2 — 1 + 3 = 4, the coef. of cz; 7 — 12=^-5: 
therefore the amount' is 14 a? i- 4 aby + 4c* — 5. 

[13.] _4 + 6 + 3-2 + 7-l-ll + l = -l, # the coe£ 
of yt; 2 + 5-*- 13 — 1 + 15 + 5 = 13, the eoef. of ax; 
- 2 - 7 + 6 + 19 - I + 3 -r 4 = H, the coef. of 6c: there- 
fore the- amount is ^-y&+ 13aa?+ 146c, or 10a$ — y« + 
146c. 

[14.] 3 + 4 — 5 + 2 — 5 = — l, the coef. of abx; -7 — 
8 + 8 + 2 + 4= — 1, the coef. of dy; 1 — 3 + 6 — 1 — 3 + 
2 + 4 = 6, the coef. of ez : therefore the amount is — a6# — 
dy + 6ez. 



Page 25. 

[1.] The coefficients of ax are 3— 1 + 2 — 8 + 1 = — 3; 
those of by are — 7 — 3 + 9 — 5 + 3= — 3j and those of c«, 
3 + 4 — l-r4 + ll — 5»7: therefore the amount is — 3a*— 
36y + 7cz+ # 4d+-5e. • 
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ADDITION. 5 

[2.1 The coefficients of abe are6 — 4 — 3+1 = 0, conse- 
quently there is no term like abc in the result ; the coefficients 
of de are — 4 + 1 + 2 — 3 = — 4 ; the coefficient of m is 1, 
and those of n, 8 — 3 = 5; also the numbers are 17 + 8 + 
12 — 7 — 13 — 1 = 16: therefore the amount is — 4de + 
'm + 5n + 16. 

[3.] The coefficients of a?y are 4 — 2—1 = 1; of ab, 
^3-3 + l = -5; of a?, 1-7-5 + 2 = - 9; of y, 6 + 
5 + 4 = 15; of a, 8 — 5 = 3; also 14 — 17 = — 3: therefore 
the amount is xy — tSab — 9a? + 15y + 3a — 3. 

[4.] The coefficients of y are 5 + 4 + 6 = 15; of b, —9; 
of *, - 7 + 1 - 5 + 2 = - 9; of a, 8 - 5 = 3; of xy, 
_2-l+4 = l; of ab, l-3-3=-5; also 14-17 = 

— 3 : therefore the amount is 15 y — 96 — 9a? + 3a + xy — 
5a6-3. 

[5.] The coefficients of *y* are 3 — 6 — £ — 1 = — 4£; 
of xy, -2-£-2=-44; of ys, .5- 1 + 7 + 4 = 15; 
of xz, $ + 7 — 3 = 4$; of x, 24 + 1=3$: therefore the 
amount is —k\xyz — 4±xy + 1 5y« + 4£a?* + 3$a? + 3y + 18. 

[6.] The coefficients of abx are7 + 7+l = 15; of aby, 

— 9— 9 — 1 = — 19; of az, 1+4 — 4 = 1; of a a?, — 6 — 
5 — 1 = -12; of ay, -12 — 3= 15; of abz, 3 + 2- 
1 = 4: therefore the amount is \5abx — 19 aby + az — 
I2ax — 15ay + 4 abz + x, 

[7.] The coefficients of axy are 4 — 13 + 2 + 2= — 5; 
of bxz, — 2—6 + 7= — 1; of c, 3 + 7 — 1—5 + 6 = 10; 
of a&, 5 + 1 = 6 : therefore the amount is — 5axy — bxz + 
10c + 6a6 — 4rf. 

[8.] The coefficients ofpx are 2 — 5 — 4 + 1 = — 6; of gy, 
_3_4-7=— 14; ofr«, l + 6-8=-l;ofa«, -1 + 
5 + 2 = 6; also the numbers are — 11+3 + 17 = 9: there- 
fore, including the quantity a + 3jt> — 4<& the amount is 

— 6px — 14 gy — r * + 6a« + a + 3p — 4^ + 9. 

[9.] The coefficients of axy are 4 — 5 + 3 = 2; of 6z, 
7 + 2 + 6 = 1; ofc,3 + 8 — 1 — 7 = 3; of a?,5 + 3 — 7 + 

9 = 10; of y> — 7 + 4 — 13= — 16 : therefore the amount 

}b 2axy + bz + 3c + 10a? — 16y — 4a6 + 1. 
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Pact 32. 



a Collecting the coefficients of the like terms, we have— 
+ 5-|-l-4)(a+ir)-f(6H-2-4 + 3-7)(6-y)=3(a-f*). 
[2J^6+5-6-2)yi+^+(2-3-3+2+4) v /^== 
ly/a + x + Zy/b + y. 

[3.] la + 6 + d + 6 + 1)* *y 8 + (6-a-2 + c- 4) a? 8 y* + 
(2-3-3-7 + 1)^/2=: 
(a + 6 + d + 7)* 2 y 8 + (& + c-a- 6)* 8 y 2 -10 -/2. 

[4.] (a# — 3*r- 3 — ix) Jy + (5y— 6y+2— 2y)v/a?+6 « 
(a# — 7 a: — 3) v /y+(3y--&y + 2;v'* I +6. But ax- 7a?s= 
(a — 7) a:, and 3y — 6y = (3 — b)y: therefore the result is 
{(a-7)a^3}v/y + {(3-&)y + 2}v/*+£ 

This form of the result, though the same in meaning as 
that which precedes, is to be preferred, because, when the 
letters are interpreted by number*, the arithmetical work is 
rendered shorter and easier. , Suppose, for instance, that 
a were 13, and x 25, then the work of ax — lx would be 
13 x 25 — 7 X 25 : but the work of (a— 7)a? is only 6 X 25. 
In like manner, if 6 were 14, and y 16, the work of 3y — by 
would be 3 X 16 —14 X 16; whereas the work of (3 — b)y is 
only — 11 X 16. The learner may thus perceive, that not 
only is a needless repetition of symbols avoided by the use of 
brackets, as noticed at page 30 of the book, but that arith- 
metical facility is also promoted when the letters are trans- 
lated into numbers. 

(5.) (a+b + 2 + b + 5) „/x + (a+6— 3+3a— b)xy+ ^3 = 
(a + 2& + 7)</0 + a (4a-- 3)sy + ^3, 

(6.) (5 + a + 2a^a + o) v /iT y-(3 + o + 2&) v /a T37- 
(4 a + b + 5) </x + y - 3 (b + 1 ) y/x - y. 

(7.)(l-2)^(a J *+l)-(a-3-hl-a-6) > /*+(6-4+c+l)y 
= -^+l) + (& + 2)v/*+(* + c--3)y. 

The learner will observe here that as the coefficients of */£ 
are put in brackets, preceded by a minus sign, the individual 
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ADDITION. * 7 

coefficients themselves are introduced with changed iigns, 
agreeably to art 23, page 33. 

[8.] (\A+&+ </* + </!>+ <s/<&)y/(x+y) + ($-b+c)xy. 
[9.] ( a 6 + a + 6+|)(* 2 — y*) + (a+6-a6 + a-6)*y= 

(a6 + a + 6 +|)> 2 - V*) + (2a - a6)*y = 

{(a+l)6 + a(l+|)}(* 2 -y 2 ) + a(2a-6)*y. - 
This last form is got from the preceding by putting (a + 1)6 
for its equal ah + 6; a(l + ^), for a +1 ; and a(2a — 6) for 
2a — ab. (See the remark on Ex. 4.) 

[10.] (1 + a + 6 + a-a + 6 + 3)(x + y) + (6 + c — d- 

rf + 1) *_ 4 = (a + 26 + 4)(a? + y) + (c- 2d + 7) i- 4. 

[11.] (a + 6 — c + 2a+3c— 4 + 2c)* + (4— d+3 + 2)y — 
6 — l = (3a+6+4c — 4)* + (9 — d)y— 7. 

[12.](a 2 -6«-62+a»^3a 2 -36 2 )(^-y 8 ) + (3 + 5-l)^= 
(5a 2 -56 2 )(* 2 -y 2 ) + 7ff? s5(a»- **)(** -.y*) + 7ffy. 

[13.] (w+'4 + 2- 3m)y# — (»- 3+n — i)v/y + 
(1 +3 — a + 6)v/« = 
2(3-m)y*-(2»-3±) v ''y + (4-a + 6) v ''*. 



[14.] (2y^T^-hl)>^^^-(2^g-2--34-2a)^->y)=: . 
(2^+6+1)^^=7-3(0- l)(*-y). t-3(a-l)=3(l-a)]. 

[15.] a — 6 2 + c 2 -d + c + 3a + 26 — € i + d + e + 5 € * + 
e - d + 56 2 + 4a + 26 2 + c 2 — 4a — 3c + 6a* = a + 3a + 
4a — 4a + 26 — 6 2 + 56 2 + 26 2 + c* — c* + 5c 2 4- c 2 — d + 
d\— d+ed + c^e + c — 3e = 4a + 26 + 66 2 +j6c 2 + 5d. 

[16.] a-6 + 2c + d— {3a — 46 + c — d) + 5{2<*— d + 
3a — c} + 2{a — 36 + 3c}=fa — 3a + 25a + 2a — 6 + 46 — 
66 + 2c — c— 5c + 6c + d + d — 5d=25a— 36 + 2c— 3a*. 
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SUBTRACTION.— Paob 37. 

[1.] The coefficients of the lower row, when the signs are 
changed, are 2a — 46 + 1; adding these to the coefficients 
above, we have 7a— 76 + 10 for the coefficients of the re- 
mainder ; so that the complete remainder is 7 a* — f 6 y + 10 z. 

[2.] The upper row is — 12*y+3a+3*— 7$ the lower, 
with changed signs, is 10#y+4a — 4#— -8: therefore, 
adding these, we have for remr. — 2#y+7a— #— 15. 

[3.] The upper row is 8(a + *) — 9(^ — 6) + c; 

the lower row is —8(a + *) + 3(y— 6) — a + c: and 
conceiving the signs in this row to be changed,, we ha^ by 
addition the remainder, 16 (a + x) — 12 (y — 6) + a. 

[4.] The upper row is 3fc — y) + 7<Sx~2</y, 

and . the lower, 6 (x -r y\ — 4 */x + 3 */y : therefore, 
changingsigns,andadding— 3(«— y)— 11 y/x+5^/y *s remr. 

[5.] The upper row is f— 4+a)# 2 + (2 — 6)y* — yz; 
r, (-a— 6 



and the lower, (—a—6)x* + (6 — 3W* + 7 ; 
changing signs, and adding 2(a + l)x 2 +(5— 26)y 8 — ^2— 7. 

[6.] When the coefficients are at all complicated, the 
learner will find it the easier plan to remove the brackets, 
and .to attend to the coefficients only : thus 

[«•]• [7-] . 

coefe. a + 6, — 6-f c, +3 a — 6+c, — c + a*, +5 

coefe. 2a— 3 6 , +6 + 2c, — a+3 3a + 46 — c, + 3a*,— a+6 

coefe. -*- a -f- 46, — 26— c, +a. — 2a— 56 + 2c, — c— 2a; a — 1. 



These* results are the coefficients in the answer. The 
learner will observe that, in writing a compound coefficient, 
a plus term, if there be one, is always placed j£r«t, as a sign is 
thereby saved. Thus in Ex. 6, (46— a) v, is a better form 
than {— a + 46)v, or — (a~46)v, though eaoh means the 
same thing. 

[8.]. • [9.] 

a,- 6+c, + c-6,-3 2, -3, +4, -2 

a — 2 6, — 2c + d, +6 — c, -3 + a 36—6, +4— a, —7, —17 
26,3c-6-a*, 2c- 26, -a. — 36 + 8, -7+a, 11, 15. 
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SUBTRACTION. 9 

[10.] [11.] 

3 a —36, — c-d a— 36, — a+26, + 1 

- 5o-f 156, — 2c + d, + 1 . 6 — 2d, 6 — 3a, 0, +4 
coefe. 8a— 186, c — 2a*, — 1. 3a -46, 2a + 6, 1,-4. 

[12.] [13.] 

6 -h 5o, — a + £6, —13 2a — 3c + 6, — d + e 

5c, 26 — 3a, -q + 1 3 c — 4a+l±6, —8 

6, 2a— 1^6, a— 14. 6a — 6c — ^6, — a» + c + 8. 

[14.] ' [15.] 

5a, — c + 4a 4a — 36 + 5a + 2c = 9a — 36.-1- 2c 
a — 6, 2a + 3c — 2a + 3a — 46 — c = a — 46 — c 



4a + 6, 2 a — 4c. 8a + 6+3c . 

[16.] 

. 26 — a— 36 + c= — 6— a + c 
3 C _6 — 2a + 2c — 36 = — 46 — 2a + 5c 

36 + a — 4c. 

[17.] • 

*-a + 26 - — 3c 
4c — 56 — 6 + 3a — 2cxs 3a — 56 -f 2c— 6 



— 4a + 76 — 5c + 6. 



[18.] 

d— 2a — 2c + 56 — 3d = — 2a + 56 — 2c — 2d 

— 3a + 26 + l^c + 7<? 
a + 36 — 3^c — 9d 

[19.] 
*s _^ 1( j + 4a _ 36 + 5<== 3.2 + 4a _ 35 _ 5 
136 - 2a +>8 -2* 2 -f 2fr- 7 = - 23tr 2 — 2a + 156+1 

8*» + 6a -186 — 6. 
B 3 
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KEY TO YOUNG'S ALGEBRA. 

[20.] 

— 4a + 7& — 2c — 56 + c= — 4a + 2ft — c 
6a — 2c + 36 + 5a + c — 6= lla + 26 — c 

-15a, 



MULTIPLICATION.— Cabb I. Pages 40, 41. 

In these examples, the answers at the end of the book 
sufficiently explain the operation, with the exception, perhaps, 
of Ex. 11 and 12. The work of these is therefore here given. 

[11.] -2d*y 2 x aW X -7abcP X 3*V±: 42a 8 &cd** 8 y 3 * 8 
— (2a?— 5a?-j-6a?)yg a = — Zxyz* 

Product, -126a 8 6<^rygS. 

[12.] 5a6 2 a?y 3 X —2a* 4 x £* 2 « 2 = — , 5a 2 b*x V* 2 
— 3 (a— 2a — 5a)xyzx — flr£ = — 18a*5a?yg. 

Product, 90a 4 & 3 tf 8 y*7 8 . 



[1] 
206 2 *— 3«2y 

5a 2 *y 2 

lOoffc^^^-lgaVy 8 . 

[3.] 
— 3#y— gas 2 '— b .. 
— 4oi 2 y 



Case -II. Page 42. 

[2.] 
Wxy*+axy— 3bz* 

— 5aba?y*^ 

-30a5 8 afy*-5g 2 te 8 y8 + lSaWyV. 

3^y 2 2— 2a« 8 2 2 — 4 
Toft 2 * 



12aafy 2 + 20a 2 * 2 yz 2 + 4afo 2 y. 21 abWyh— UaWatz*— 28a& 2 ar. 



P.]- 
— 2a*+4c 2 y+a&c 2 
6c 2 ** 2 



[«■] 
— 2ay+3a#--a 8 
— &a 2 ipz* 



- 1 2ac 2 s 2 g 2 + 24c*sy2 2 + 6flfcW. 10a 2 sy*g*— lffa^g* + 5aV g*. 
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MULTIPLICATION. 11 

PI 
— «# — y 2 + Za* 

2a 2 ayx— 3ay 8 =--6a 8 V 

Scfix 2 tf + 6a 8 *y»- 18a«sy» . • 

[8.] 
2a*y.— 36 2 — 4 

• 7q 2 6s 2 s 8 

14fl 8 6* 8 ys 8 — 21a 2 6 8 g 2 s 8 -28a 2 6s 2 g 8 . 

3<j 2 -2a&* + l 

-5a$c X — 46W X — 6tf6«— 12(kWM 

- 360a?6V+ 240rt»W - 120aW. 

[10.] (11.] . 

-3aV + a?— 9 a 8 — Zax*+bx— c 

— 2*y -aW 

faVyS-Safoy + 18s*y*. ^iW<*&+3€W<*jfi-(W*x+ W. 

[12.] [13.] 

—iaxhi + Syg 2 + 8 a*?-; 2fcy + 3a V 

— Sayz 8 , — 4a£gy 

12qg^ — 9*yV — 24*yA -4q 2 fa^yT8^ 2 aT*- 12a 8 6a^y. 

[14.] 

- &***y — c*y* + 2 

— 5x 2 yz 

' 6b 2 x A y 2 z + 5cx*y s z — I0x 2 yz . 

[15.] 
5* 2 * + 2a*y — 3a 2 6 2 * 2 + 46#y 2 -f2a« 2 -3 

— 2a 3 b 2 xyz 2 . " * 

— lQaPb*0y*—ta?Pxffi+ m 6a*&x*y*-8(filfi3flip*-- 

4a A b*xyz* + 6a 3 b 2 xyz 2 . 
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12 KEY TO YOUNG'S AMEBBA. 

[16.] 9.+ l-8 + 4-9+25 = 22; and -a 2 6a?x22= 

— to&bx. 

117.1 16^-4-27-7 + 16 = -6;* and 5-49 + 3 = 

— 41 ;> and - 6 x — 41 X a? 2 y 2 = 246 a? 2 y 2 . 

[18.] 1-8-3+25 = 15; and 3 -8+ 16 = 11; and 
nabx* -11& 2 *= — l$5ab*xz. 

[19.] 4-(3-9)aa? + l=5 + 6aa> 
— 5a*xy B . 



— 25a 2 a?y 8 — 30g 8 a? 2 y 8 . 



[20.] 3a 2 y-26a? 2 + 3y* + 6 8 

— 2a 8 a?y 2 

— 6a s a?y 8 + 4a 8 6a? 8 y 2 — 6a 8 a?y 4 -i 2a 8 6 8 a?y^ 



Case III. Page 45. 

- [1] [2.] ■ 

4a? 2 -3a? + 5 3a? 2 +6a?-4* 

2s 2 -' x " a? 2 — 3a? + 2 "' ' 

8a? 4 — 6a? 3 + 10a? 2 ' 3a? 4 +6a? 8 - 4a? 2 

, - 4a? 8 + 3a? 2 — 5a? -9a? 8 - 18a? 2 + 12a? 

8a? 4 - 10a? 8 + 13a? 2 -5a? . 6a? 2 + 12a?-8 

3 a? 4 - 3a? 8 - 16s 2 + 24a?-8 

[3-] . '[*•]•'• 

a* + 2a? 2 -^3a?+ 4 ax 2 + bx—c 

a? 2 — a?— 3 dx —e 

s 5 + 2a? 4 — 3a? 3 + 4a? 2 adx* + bdx*—cdx 

— a? 4 — 2a? 8 + 3a? 2 — 4a? — aga? 2 — bex + ct 

-3a? 8 ^6a? 2 +9a?-12 gdx*+(bd-<u^-(be+'cd)x+ce. 

«* + a^-Sa^ « 2 +5a?-12. ; ■ 
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MULTIPLICATION. 13 

[«•] 

# 8 — ax* +bz + c 

x 2 — ex +f 

x* — ax* + bx 8 + cx % 

— ex 4 +aex 8 — hex* — eex 

. fx* — afx* + bfx + cf 

a^_(a+e)a?*+(6 + qg+/)s»+(c-- be— af)x* + (bf—ce)x+cf . 

[6.] 
s* + (a — 6)jp -h c 
ma?+?i — 4 

ma? 8 -I- m(a — 6)a? 2 + cm« 

( rc -- 4) x * + (a - b) (n - 4) a? + c (n - 4) 

«ia? 8 + {W(a— 6)+n— 4}a* +{(«—&)(»— 4)+a»}a!+c(n— 4). 

[70 [a] 

* 8 +« 2 y-fo?y 2 H-y 8 a 4 — a 8 a?+a*ap 8 — ax 8 +a? 4 

a?— y * q+ * 

a? 4 +fc 3 y+ar 2 y 2 +a:y 8 a 6 — a 4 a? -|- a 8 a? 2 — a 2 a? 8 -f- a a? 4 
— a? 8 y— a? 2 y a — ary 8 — y 4 d^a?— oPa^+a** 8 — aa^+a? 5 . 

x*—y A ~ a 5 + x 5 



: [9.] 

a?*— 2afy+ 3ai i y 2 -2ay 3 +y 4 

(x+ y y= x* + 2xy + y 2 

a? 6 ^ 2a? 6 y + 3a?*y 2 — 2aV + afy 4 

2aJ 6 y-4a?*y 2 + 6ary— 4*V -|- 2«y« 

ar*y 2 ~2a^y 3 ^3a?V^2ay g +y 8 

** \ + 2*Y H-yM ^y 8 ) 2 . 

[10.] 
(a+b)(a-b)**a*-b*; also, p. 44, (a 8 + ^)(a 2 -6 2 )=a 4 -ft 4 ; 
and (a-6) 2 2= a 2 - 2ab + 6 2 [See II. p. 44.] 
a 4 — 6 4 
• a 8 — 2a 6 6+a 4 6 2 

-q 2 6 4 + 2qft*-6 8 

therefore, (a?-l?)(a-b)* = a*-2a*b + a*b*-aW+2atf--b*. 
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14 KEY TO YOUNG'S ALGEBRA. 

This example brings into application the principle men- 
tioned at page 44; namely, that the sum multiplied by the 
difference of two quantities gives the difference of their 
squares. The operation above, like most of those here 
exhibited, is intended chiefly for practice in the multipli- 
cation of algebraic quantities; but the learner js not to 
suppose that the products herer obtained are always in a 
form best suited for arithmetical computation, when the . 
letters are replaced by numbers. On the contrary, it gene- 
rally happens that, for this purpose, the factors of the product 
are more eligible than the developed product itself, though 
such is not invariably the .case. Thus, in the present example, 
the form — 

(a-6) 2 (a-f-6)(a-6)(a 8 + 6 8 )or(a-6) 8 (a-h6)(a 2 +'6 2 )_ 

would be preferred, for arithmetical calculation, to the worked 
out product given above ; and, in general, it i& of more im- 
portance to replace a product by its factors, than by multiply- 
ing the factors together to exhibit the product Sometimes, 
however, the actual multiplication is of practical advantage, 
as brevity and simplicity is secured by it Examples 7, 8, and 
9, are instances of this, as the learner will readily see from 
the form of the results. 

[11.] By theorem 3, page 44, the value of (a?— 7) (a? + 5) 
is found, without the trouble of actual Multiplication, to be 
*2_2a? — 35; and the value of (* + 2) (a? + 6) to be a? 2 + 
8* + 12 : the operation is therefore as follows :— . 

*.*_ 2a? — 35 

a? 2 + 8a? + 12 m 

8a> 8 - 16a? 2 -280 a? 
. ' 12a? 2 - 24 a? -420 
g* + Gx*- 39 x* — 304 a? - 420. r 

- The learner is strongly recommended to familiarise himself 
with the theorem here brought into operation; it will often 
save him the trouble of petty multiplications. Indeed, -the 
three theorems at page 44 should all be kept in remembrance, 
so as to be ready for use whenever occasion requires. 
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MULTIPLICATION. 15 

[12.] In this example, the expressions to be multiplied 
together are found by the theorems at page 44 to be, a? 2 + 
4a? + 4, a? 2 + 4* + 4, and a? 2 — 7x + 12 : therefore the work 
is as follows : — 

a?»4.4a?-f-*4 
a? 2 + 4a? + 4 
x* + ±x* + ix* 

4« 8 + 16a? 2 4- 16a: 

4 a? 2 + 1 6a? + 1 6 

. ** + 8a? 8 + 24a? 2 + 32a: + 16 

x*-1* +12 

*« + 8"a? 6 + 24a: 4 + 32a? 8 + 16a? 2 

- 7a? 6 — 56a? 4 — 168a: 8 - 224a? 2 — 112a? 

'12a?* + 96a? 8 + 288a? 2 + 384a? +192 

x * +a:5,20a? 4 - 40a? 8 + 80a? 2 + 272a? + 192. 

When compound expressions are to be multiplied together, 
and they are such that the leading term in* each contains a 
power of some letter, the next term a power differing from 
the former by 1, the next a power differing by 2, and so on — 
that is, when the powers regularly descend or ascend, as 
in- the present example — the work may be abridged by omit- 
ting these poweip altogether, retaining only the coefficients of 
them. Thus, in each of the first two factors above, the ex- 
ponent of x in the leading term is. 2; in the next term, 1 ; 
and in the third term, a? does not enter at all: the powers of 
x therefore regularly descend; also in the expression a? 4 + 
Sx 3 + 24a? 2 + 32a? + 16, the exponents of x descend in .like 
manner regularly, each being a unit less than the preceding 
one. It is. plain, in multiplying two such expressions to- 
gether, that the exponent in the leading term of the product 
will be the sum of the exponents'in the leading term of each 
factor ; and that the succeeding exponents will, in like manner, 
regularly descend : if therefore we knew only the coefficients 
of the product, the necessary .'powers of the letter to which 
they belong could easily be supplied: in long multiplications, 
therefore, the letter spoken of may always be suppressed till 
the close of the operation with the coefficients. Adopting this 
abridged plan, the above example may be worked thus: — 
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16 KEY TO YOUNG'S ALGEBRA. 

1 + 4+4 
1+4+4 
1+4 + 4 

4 + 16 + 16 

4-1-16+16 

1 + 8 + 24 + 32 + 16 

1-7 + 12 

1 + 8 + 24+32+16 
_7 -56- 168-224-112 

]2+ 96 + 288 + 384 + 192 

1 + 1-.20- 40+ 80 + 272 + 192. . 

This result supplies the coefficients of x in the product ; 
and as we know that the leading power of x is a 6 , and that 
the powers regularly descend, the proper powers may be at 
once introduced, and the complete product — 

a?« + **•_ 20 a? 4 — 40a? 8 + 80a: 2 + 272a? + 1 92 

written down. 

The same abridged form may be adopted when the powers 
of a? do not regularly descend or ascend ; because we can 
always bring about- uniformity in this respect by filling up 
the gaps with the wanting powers, written with tero-coefficietUa. 
Thus, such an expression as a? 6 — 3a? 8 + 5a? — 2 might be 
written x 5 + Oar* — 3a? 3 + Ox 2 + 5x—2; and any two such expres- 
sions, the gaps bein£ filled up in this way, might be multiplied 
together, without a?, as above. This is called the method of 
detached coefficients. t • 

T13.] By theorem l,page 44,(a? 2 + y 2 ) (a? 2 — y2) = a; 4 — y 4 ; 
ana (a? 4 + y 4 )(a? 4 — y 4 ) = a? 8 — y 8 . 

[14.]2a? 2 ,-£a? + 2 or, 

a? 2 -2a?+l * 
2 a? 4 — £a? 8 + 2a? 2 

— 4a? 8 + a? 2 — 4a? • 
. . »2a? 2 -^a? + 2 



2ar 4 -|a? 8 + 5a? 2 ~-|a? t +2; 



3- 
1- 
2- 


-* + « 
-2 + 1 

-i+2 
-4 + 1- 
2- 


-4 

-i+2 


2- 


-$ + 5- 


-| + 2: 



therefore, supplying the powers of x, the result is the same 
as before. • " 
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MULTttLICATION, 17 



[15.] 6# — ay 
ex — by 



bcx 2 -~acxy 
' — b 2 xy + aby*. 

bcx 2 — (b 2 + ac)&y + aby* 
ax + by— cz 
abcx 8 — (ab 2 + a 2 c)* 2 y -f a 2 6*y 2 

6 2 c # 2 y — (t 8 + a6c)*y 2 + a6 2 y 8 . 

To the sum of these two products must be added the pro- 
duct by — c* It is plain! on account of the new letter z, 
that no term of the latter product will have its tike among 
the terms of the products here exhibited ; so that there would 
be no use in writing the terms of the final product under- 
neath those already obtained, with a view to their addition; 
it will be sufficient to add up the termB already found, and 
then to annex the terms ofthe product by — cz : the com- 
plete product is thus : — r 

abcx* + (6 2 c — a*c — ab 2 )x*y + (a 2 5 — abe — b*) xy % + 
ab 2 y z — bc % x % t + (ac + b*)cxyz— abcy*z. 

P«-] 
x 2 — (a — b)x+4 

x 2 — {c + d)X—ab 

**_(« — &)# 8 + ca? 2 • 

- (c + d)* 8 + (a— &)(<? + i)* 2 - c(c + d).x 

— o6a? 2 + aS(a — b)x — a5c 

^(c-f d)}# — a6c. 

a* 2 + (a + &)# + <> 

6 a? 2 — (6 — *)# — <* 

a&* 4 + <a& + & 2 )* 8 + &c* 2 
. _(a& — ac)s 3 — (a& + 5^ — ac — 6c)* 2 — (6— cW 

— acte 2 — (a +b)dx—cd 

a6**+(ac-f6 2 )a? a +{(2c-6)6-a(6-c+rf)}a? 2 -{(6-c)c-H 
(a + &)(*}*-- cd. 
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18 KEY TO YOUNG'S ALGEBBA. 

[18.] 
2a* 8 — (a — 6)** + 4 
36a; 8 - ear 2 + 2a 



6a6* 8 - 36(a-6)a;« + 126a? 8 . 

— 2aex 6 + «(a — 6)**— 4ea? 2 
4a 2 a? 8 --2a(a--6)a? 2 + 8a 

6a6a?«- (36(a-6) + 2ae}a: 6 + «(a-6)a? 4 + 4(a 2 + 36)a? 8 — . 
2{a(a-6) + 2«}* 2 + 8a 

[19.] Using here only detached coefficients, as explained at 
page 15*of the Key, we proceed thus; — 

— 7a+36 — 5c + 6« — 2 
ia-lb-5 

— 28a 2 + 12a6 — 20ac -|- 24a< — 8a 

49a6-216 2 + 356c— 426« + 146 
35a —156 + 25c — 30e+l0 

-28a 2 +61a6+{5a(7-4c)-216 2 } + {24a« + 56(7c- 
.- 3.)} + (25c -426* -8a) + (146-300 + 10 

These are the coefficients of the several powers of x in the 
product, the first power being a? 6 ; by introducing ar 6 , x 5 , x 4 , 
x 3 , a? 2 , x, we shall have the result in the book. 

[20.] By thedrem 1, page 44, {a*— (ax + 6}{a? 2 + (aa? + 
6)}=aj*-(aa? + 6) 2 = (theorem 2), * 4 -a 2 a? 2 -2a6a?-6 2 : 
it remains therefore to multiply this by x* + ax — 6; and 
this we shall do by using detached coefficients, as in the 
preceding example. (See the remarks at page 15, Key.) 

l+0-a 2 -2a6-6 a . 

l+a-6 « 

l+0-a*-2a6-6* 

a +0 — a 8 — 2a 2 6 — a6* 
— 6 4- + a 2 6 + 2a6 2 + 6 8 
l +g „(q8-|-6)-a(a 2 +26)-6(-|-a 2 +6)-ha6 2 +6 8 . ' 

By connecting a? 6 , x 5 9 x+, x B , x 2 f x, 'with these several coeffi- 
cients, the result in the book is obtained. 
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DIVISION. 19 

[21.] The first fector is a*+ a*x* + s 4 , which is multiplied 
by a 9 —* 8 as follows : — . a 8 — a* 

a* + a*x*+a*x* 
— a 4 a? 2 — a 2 « 4 — a 6 



a«-*« s^a 8 ** 8 )^-* 8 ). 

[22.] «* -(« + &)* + a(a-6)+6 2 

a + (<* + &) 

x s _ ( a + &)** + r a / a _ m + jaU 



— 3abx + a 8 + 6 8 



DIVISION.— Cash t Page 48. 

P .]"r^._w [2.] ^-l^. 
L J 2ax*z* L J -F-3a6* 2 a? 2 

roi 5a2 y 5 2 8 . ~ 2 4 Vjt -9& 8 *« 8 3z 8 

L J a 2 y 8 2 4 * L J — 3a6 8 #y ay 

* 3g»yV _ 3 ^^ a*bx*y* = 2a*bx*y* 

L ' J — 5x s y*z* 5xy\ *■ '■■ \axyz z 

[7.] if!C = -.**««- r8i " 8aTyV - V-v-v 

W -l*£f£ . _|!i. [10 .] *£++ m 2a-^- y ». 
L J — iat^^/x 4ay L J 4a*x m y 2 9 \ 

[H.] [12.] 

2ax>*y* =-2^" 4 ' »fi yli, 88 ^"^^ 

[13.] * [14.] 

-So 2 **^ 2 ^- 8 3« * Dcf-Vy*** 3^ ^ 9 

m 
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SO KEY TO YOUNG'S ALGEBRA. 



Cask II. Paob 49. 



[L] Bs^faf.^.,^.! 

_ o _ a 2 6 8 C*-3a 8 6 2 -46 4 C 8 I afc 4 & 8 C 

W OT^ ■ 5 ?** v -F-"55*- * 

rj - 6a* 2 y-12a 2 * 3 3a 8 

[4.1 -. - = -a* . 

L J . , 4*y 2 y 

4a(36eH-a* 2 )(a6-d) _ 4(3a6 2 c-36ca> abd*-^*) _ 
3a 2 6 2 ~ 3a6* "~ 

*V aft + 36 8a6 2 / 

[7.] 
2a* 8 (6-4<ar)(a6+*) _ (6-4c*)(a6+* ) a6 2 +(6.-4a6«)*-4cg 2 _ 

8 a* 4 "" 4* 4* ~~ 

a6 2 . » . 
-3 — h 7 - a6«— ex. 
4* 4 

[8.] 
(a 2 -a 2 ) (6a* +6) + 6a? _ — 6ax* + 6cfix+a*b _ _- 2 « g <*& 
3a* 2 ~ 3a* 2 " + * +W 

[9.] The dividend is 15a 8 *y + 10a 2 6y 2 - (96 + 4a)a* 2 — 
4 6^*y, and this, divided by 3 a 8 *, gives 

106y 2 36* 4* 46^ •* * 

* y + 3a* a 2 ~3a~3a 8 * * 
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pmsioN. . 21 

[10.] The dividend is (* 2 *- 2a*-24a 2 )(* 2 - 3* + 2a) = 
x *-(2a+3)x* + (8a-24a 2 )s 2 +68a**-48a 8 ; and this, 
divided by "Sax 2 , gives • 

1 q 1 3 , a 17a 6a 2 
8a • 4 8a zx x 2 

[11.] The dividend is (4a#- 4& 2 + a)(3* 2 — 2a6 2 )=r 
12aa?* + (3a - 126 2 )* 2 - 8a*6 2 *-+ 8ab* - 2a 2 6 8 , and this, 
divided by — ab s x 2 f gives 

12* 3 12 8a 86 2a 
' b 3 b 3 ab bx x 2 bx r 

[12.] Here we "have only to subtract n — 2 from each of 
the exponents, and to change the signs of the coefficients, to 
get the quotient as in the book. • 



[13.] 3* 2 + ((* -2a 2 ) 
-2s 2 + (q 2 + 2a) 

f a —2a 2 " 

2a jx 2 + a 8 - 2a 4 + 2a 2 - 4a 8 



-e* 4 -?(a -2a 2 )* 2 
3(a 2 + r " 



* - 6a? 4 + 7/* 2 ** + **** +2<* 8 — 3q 8 - 2a* 
Dividing this by 2a*x 2 , the quotient is 

3jc> , 7 2 1 3a a 2 

a 2 + 2 + ^ + ar 2 2* 2 * 2 ' 

ajid this multiplied by 3, the factor in the dividend which has 
been omitted, the result is the quotient required. 



Case III. Page 54. 

[1.] 2* -5) 6* 2 - 5x -25(3* + 5 
. 6s* — 1 5.* 

JOi-25 
10*^25 
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22 KEY TO YOUNG'S AL0KKRA. 

[2.] 3ar-4Y6* 8 -23*» + 26ar-8(2*»-5* + 2 
^*»- 8*» 

-15**4-26* 
-15** + 20* 

6*— 8 
6a; -8 

[3.] a-*)a 8 -* 8 (a* +.«* + ** 
a 8 — a 8 * 

a** — x s 
a % x — ax* 



ax 



*-* 8 



[4.]* **-2aM-4aV 4 + 4 «***+ 16 «H** + 2 «* + 4«* 
a? 4 — 2«* 8 4- 4a*s* 

2a* 8 + 16a* 

2a* 8 — 4tt** 2 +8a 8 * 

4a***-8a 8 *+16tf*' 
4a***— 8a 8 *+16a« 

[5.] 4**-2*y + y*)8* 8 4-y 8 (2* + y . ' •. 

8a? 8 — 4**y + 2*y* 

4**y-2*y* + y 8 
4**y-2*y* + y 8 

•[6.] ** -*y +y*)* 4 + *V + y 4 (** + *y + y* 
* 4 — * 8 y* + **y* 

* 8 y +y 4 

* 8 y — * 8 y* + *y 8 

x*y* — xy* + y* • 
a? 8 y 8 — a?y 8 4-y 4 ; 

The learner will observe that the quotient in this example 

* In examples \\\ [2.\ and [4.1 the work might hare been conducted 
with detached coefficients only, in Imitation of the multiplication opera- 
tion given at page 16 ; observing, aa in multiplication, to fill up the 
places where powers of 2 are absent, by zeroi; thus, the dividend in ex. 
4, when the coefficients only are used, should be written 1 + 0+ 4a 1 + 
+ 16a 4 , the divisor being 1 — 2a + 4a' : the learner is recommended 
to work the example in this form, and he will easily get the coefficients 
of * v '~ 4 ; namely 1 + 2a+4a*. 
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DIVISION. 23 

might have been discovered, without actual division, by aid of 
the frequently-employed theorem marked 1, at page 44 : for 
the dividend is evidently the same as fo 2 + y 2 ) 2 — a? 2 y 2 ; and, 
by the theorem referred to, we know that 

PI 
s+2y)* 8 + 32y 8 (s 4 — 2s 8 y + 4**y* — 8*y 8 + 16y 4 
g g + 2s 4 y 

— 2a? 4 y + 32y 5 

— 2x 4 y — 4s 8 y 2 

4* 8 y 2 + 32y 8 
4a? 8 y 2 + 8fr 2 y 8 

- 8a? 2 y 8 + 32y 6 

— 8* 2 y 8 — 16a?y 4 

16a?y 4 +32y 5 
> 16*y 4 +32y* 

In this example the term 32y 5 need not to have been 
brought down till the last term of the quotient had been 
obtained. 

[8.] 

3a 2 -5o6H-2W)3a*-26a 8 5-|.37a 2 5 2 -.14a6 8 (a 2 ^7a6 
3a 4 - 5a*b + 2a 2 6 2 

-21a 8 6 + 35a 2 & 2 - 14a6 8 
-21a 8 ft*+35a 2 6 2 -14a6 8 



P.] 
2a 2 -3aa?+4^10^-27a 8 at+34aV-18aa*-8^(5a 2 -6a«-2« a 
10tf 4 -lda 8 a?-h20a 2 g 2 

-12a 8 ^+ UaV-l&i* 8 
-12a 8 *+18a 2 s 2 -24<is 8 

— "4a 2 a?+ 6a* 8 — 8s 4 
* — 4aV+ 6a* 8 — 8a 4 
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" 04 KEY TO' TOTING'* ALGEBRA. 

.Dial 
8s»+w+83f)fa^5^- e^+w+ifcV^^+i^V+isy'P**-- 

15*Y+10*y+15y» 

pi.] 4y 2 -2y*+* 2 )i6y*-8y 8 z + 2y*3-**(4y 2 -* 2 

16y 4 ,-r8y 8 z + 4 y 2 z 2 

■^4y 2 s 2 + 2yg 8 + g* 

This example may be otherwise worked, by aid of theorem 
1, page 44, thus— - 

(4y2 + f i) - 2yz)(16y 4 ^ ?*) - 2yz(4y*-z 2 )(4y» -* 2 
( 16y 4 -z 4 )-2yz(4y 2 -z 2 ) 

Here the compound term (16y 4 — z 4 ), in the dividend, is . 
the difference of two squares; and the compound term in the 
divisor, (4y 2 + z 2 ), is the sum of the quantities thus'squared : % 
hence their difference (4 y 2 — z 2 ) is suggested, as the leading 
compound term of the quotient, which is found to be the 
complete quotient 

p*i 

2^+3^-^4^-3^+13^ 

4s»+6s*y = 2^ 

-6*V- .^y 2 +18o 8 y 8 ' 
-6a?*y- 9^^+ 3sY 



8*Y+ 10^-7*^ 
8^^+12^-4^ 



— 2*Y— Ss^+y 5 

- 2*V^3;gy*+y« 

It is of importance, in division operations such as these, 
that the learner should always examine the several terms of 
the* dividend before attempting the subtraction, in order that 
terms like those to be subtract^ may not be overlooked: 
examples" 4,-5, 10 and 12, show the necessity of this. 
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DIVISION, 25 

[13.] « 8 +4* f y+2*y«+3yV+3^y-2jy+ «y~Sy*(*-y 

**+4afy+2afy 8 +3*y 8 * 
-a*y-4« 8 y 8 -2«y»-.3y 4 
• ' ' - -*y-K*+ -**+-*+ 

[U.] ** + a*+ 6)* 4 — (a 8 — 6— <?)**— 1(6— cjaaf-hft^—aaj-l-c 
a 4 + a« 8 + 6 « 8 



— ao? 8 — {a 8 — c)a? 2 — (6 — c)a* 

— as 8 — **x* — abx* 



ex 2 + aca? + 6c 
ca? 2 + ac* + 6c 

[Ut] 
a 8 + 2aa£ + 2a*a? + a 8 )* 6 — a^* 8 — 2a* 8 + 2a 2 *— a 8 

x 9 +2ax 6 +2a*x*+ cfix* 
-2ax*-2a*x*- a 8 * 8 

2a*x*+Zcfiz*+2<*x* 
2qV+4a 8 s 8 +4g 4 s 8 +2a 8 g 

— a 8 * 8 — 2d** 8 — 2a 5 *— a 6 

— a 8 * 8 — 20*3*— 2a*s— a* 

In the preceding example, the term a 8 , in the dividend, is 
kept there till the last step of the work, as it is easily fore- 
seen that no use can be made of it before. 

[i6.r« + »)« 0-2+5-5+.**, • 

a + x w *• *» ^ . 

** » 

— * 

a 



x 8 
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26 KEY TO YOUNG'S ALGEBRA. 

In examples such as this, where the terms of the quotient 
are seen to succeed- one another according to an obvious law, 
it is unnecessary to extend the operation. It is plain that 
the process here is interminable: if it be considered as ex- 
tended till n terms are got in the quotient, then the quotient, 
together with the fractional correction of it, may be written 
in this general form, namely : — 



<-D 



-" + (-«) 



(a + x)' 



As particular instances, let n be 2, then 3, then 4, <fcc. ; the 
general result gives, in these particular cases, the several 
quotients 

, x * 2 

= 1 - - + 



a^ a(a + x)' 



=i-!+ 



a* a* a 2 (a+x)' 



x x 



2 



= 1 h — 9 — -5 



a 



a 2 « 8 a 3 (a + *)' 



Perhaps the learner may not see why, in the general form 
above, the last or nth term of the quotient is written 

The reason is. this : we see that the terms of 



(--.) 



the quotient are alternately plus and minus; the odd 
terms are plus, and the even- terms minus; the nth term is 
therefore + or — , according as the exponent n — 1 is even 
or odd. Now we know, frpm the rule of signs, that the 
•putting minus before a quantity does not prevent an even 
power of it from being positive; though the odd powers are 

x 
negative : the minus sign is therefore put before - in order 

that the power, marked by the exponent » — 1 may have jthe 
proper sign. For a like reason the minus is put before x in 
the remainder. 
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DIVISION. 27 

[17.] * 8 - 2* 2 + 2x - 1)*» - 1 (1 

ar 8 -2a? 2 + 2a--l 
"" 2a* 2 -2a> 

This remainder is 2a?(a? — 1); and the divisor itself is 
(x 2 — a* + 1 ) (a? — 1), so that the quotient of the remainder 
by the divisor is the same as the .quotient of 2x by 
x 2 — x+ 1. If we stop the operation, therefore, after the 
first step above, the quotient with the fractional correction 

2x 

will be 1 + -^ —=- : but the division may be continued 

x — x *^ 1 

as in the last example, as far as we please. 

[18.] a»- 6«)a» + » — a m fi» + a H b m — fr^+^a^ + fc* 

[19.] « + l)a? 3 -l-|« 2 -h|* + l(« 2 — JiF-f-1 

ar 8 + a; 2 



* + l 

a? + 1 

Or, a? + 1 )4a? 3 + 3a: 2 + 3x + 4(4a? 2 — a? + 4 

4a? 8 + 4a? 2 .•. x 2 — £a? + l = quotient. * 

_a? 2 + 3a: 
— a; 2 — x 

4aT+4 
4a? + 4 

It will often be found convenient, when there are fractional 
coefficients either in dividend or divisor, to multiply the 
terms by some number that will remove them. If we thus 
multiply the dividend, as in the second operation above, we 
must then, of course; divide the quotient by the number; 
but if we* multiply the divisor, we must also multiply the 
quotient to bring all right, as is obvious. 

2 
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28 KEY TO YOUNG'S ALGEBRA. 

[20.] *« + * 4 + * 2 )* 8 -* 2 (* 2 -l 



— * 6 — * 4 — ** 

— #« — a? 4 — ** 



As the factor a? 2 is common to both dividend and divisor, 
it may be expunged, and the work given thus:— 

* 4 + * 2 +l)* 8 -l(* 2 -l 

*« + * 4 + * 2 



_a; 4 -* 2 -l 



[21.] 1 -5*)1 + 3*(1 + 8* + 40** + 200* 8 + Ac. 
1-5* 
8* 

8a? — 40** 
40s* 

40s* -200** 
200** 



[22.] First, ** — ax + a 2 )* 8 + «*(* + « 
* 8 — a* 2 + a 2 * 



a* 2 — a 2 * + a* 
a* 2 — a 2 * + a* 



Second, * 2 + a* + a 2 )** — a 8 (* — a 
* 8 + a* 2 + a 2 * 



— a** — a 2 * — a* 

— a**— a 2 * — a 8 



Therefore, multiplying the two quotients together : 
(* + a)fa — a)=* 2 — a 2 . Or we may proceed thus : (* 8 + a 8 ) 
(* 8 -ra 8 ) = *«--a 6 ; and (* 2 + a* + a 2 ) (* 2 — a* + a 2 ) = 
{(* 2 + a 2 ) + ax} { (* 2 + a*)~ax) = *(* 2 + a 2 ) 2 - a 2 * 2 (by 
Theorem 1, page 44) = * 4 + 2 a 2 * 2 + a 4 — a 2 * 2 (by Theorem 
2) : the operation is as follows :-*- 
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DIVISION. * 29 



- #* + a*x* + a*)* 6 - a«(* 2 — a 1 
*• + a 2 ** -I- a 4 * 2 
— a 2 * 4 -a 4 * 2 -a« 
_a 2 * 4 — a 4 # 2 — a* 



[23.] a~ + &*)a* + * + a"&» + a»A~+& w+n («* + &" 

" Looking at the* dividend, we see that it remains unaltered, 
though we change m into n, and n into m; but the product 
of quotient and divisor is the dividend always : consequently, 
.when the divisor- is* a* + &*, we may infer, without any 
additional work, that the. quotient willie q* + b m . 

[24.] ff — a)a? 2 +/*?+?(* + <*+;> 
# 2 + aa: 



• (a + !>)* + ? 

(a +p)« — a 2 —pa 

• Remainder a 2 + pa+ g, which is the 

game as the. dividend, when the x is removed and a put in its 
place. * , 

^+jH*+S«»+r*+« (« , +(a+i>)« t +(a , +l»^-?)*+a , +lw«+ga-H- 
g* — aaA > 

(g+j>)*»— \<*+pa)* 



(g 3 +j)a*+0tt+r)g— (a i -fi***+g«*+*'tt 

Remainder, a 4 -J-pq 3 +gq*+rq-t-j 

This might have conveniently been .winked by detached coefficients. 
(See foot-note, p. 22.) * • 

This remainder is obviously the same as the dividend, when 
the.#4n the**latter isreplaced by a. 
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80 ftEY TO young's algebba. 

The interesting property proved in this and the preceding 
example, is of considerable use in the numerical solution of 
equations, as the learner will see when he reaches Chapter IX. 
of the book, where an expeditious method of finding the 
remainder is given. 

[26.] In algebraical division, multiplication, <fcc. the letters 
employed may have any meaning we please to give them. 
It is plain that the operations are not at all affected by the, 
meaning we give to the letters. In this and the former 
example, a may be replaced by any negative value, as well as 
.by any positive value. We may therefore put —a' for a, 
throughout the work, and all will be equally correct: the 
remainder above will -then be a' 4 —pa'? + qa' 2 — ra' + «, 
..the divisor being a?— (—a'); that is, x + a': and if jiow the 
symbol a', 'which may still be" anything, be. changed for a, ^ 
the divisor will be x + a, and the remainder a 4 — pa*+ ga 2 — " 
ra + s, which is the same as the dividend, when the 2 in it 
is replaced by —a. The learner however may, if he please, go 
through the actual division by x + a, in imitation of the 
process above. (See the remarks at page 56 of the book.) ' 



Page 57. 

• [1.] Putting 3 for a?, in x* — 3a; 8 — 2a? 2 + a?— 6,' \t becomes 
3*-3.3 8 -2-.3 2 .+ 3-6 = 81-81-18 + 3-6= -21, 
the remainder Sought The general operation above proves 
this; but it may be satisfactory to the learner to verity the 
particular case here proposed by actual division, as* follows : — 

a?-3)a?*-3a? 8 -2aJ 2 + a?-6(a? 8 -2a?-5 
a?* -3a? 8 



-2a? 2 + .a? 
— 2a? 2 + 6a? 


— 5a:— 6 

— 5a?+15 
* Remainder, —21 



[2.] Putting — 1 for x, in 3a 8 + 6a? 2 — 8a? +4, it becomes 
— 3+6 + 8 + 1 = 12, the remainder sought. The learner 
may verify this by actual division as above. 
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INVOLUTION. 31 

[3.] For a= — 4, 6a* + 2a 3 — 4a 8 — 3a? — 4, becomes 
6.4 4 — 2.4 3 — 4.4 a + 3.4— 4 = 1352, the remainder Bought. 
Let us verify this by division : — 

a+4)6a*+ 2# 3 -4a 2 -3a-4(6a»-22a 2 + g4a-339 
6a* + 24a 3 

-22a 3 -88a a 

84a 2 — 3* 
.84a 2 +336* 



-339a- 4 

-339a-1356 

Remainder, 1352 



Detached coefficients might have been used in this and in 
the preceding example. 

[4.J For'a=2, 5a«-2a* + 3a 2 -l, becomes 5.2*-2.2 4 + 
3.2 2 — 1=5.64— 2.16 + 3.4 — 1 =299, the remainder sought. 

[5.] For a = — 3, a 6 + 3 B , is — 3 5 + 3 5 or 0: hence there 
is no remainder. 

[6.] For a = 3, a 5 — 3 6 , is 3 fi — 3 6 or : hence there is no 
remainder. 

[7.1, [8.] In these examples it is plain that whether plus 2 
or minus 2 be put for a, the • expression* becomes 0, so that 
there is no remainder. 

[9.], [10.] In these examples, the substitution of either 
plus or minus 2 gives the same result, namely 2 6 + 2 6 , that 
is, ? fl (l + 1) = 2 7 , which is therefore the remainder. 



INVOLUTION.— Page 62.* 

[1.] (a-3y) 2 =a 2 -6ay + 9 y 2 ; by Theorem 2, page 44.* 
a -3y • 

#a 3 -6a 2 y+ §xf 

— 3aV+18ay 2 -27y 3 . • 

(a-3y) 3 = a 3 -9a 2 y + 27ay2 - 27y 3 
« 
• Theorems 1 and 2, at page 44 of the Algebra, will be very fre- 
quently employed in these examples. 
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32 * KEY TO YOUNG'S ALUBEA. 

[2.] (2a + 3) 2 = 4a 2 + 12a + 9 

♦ 2a + 3 x . ; 

8a*+24a*+18a 

12a 2 + 36a + 27 . '. ' 

(2a + 3) 8 a = l^+36a 2 + 54a+l37 

' [3.] [(a + 26)-3c] 2 = (a + S&) 2 -6c(a + 26) + 9* 2 =: 
a 2 + 4a$ + 4& 2 -6ac-12&c + 9c 2 . 

[4.}[(^ + 2^)-lJ2 = (af2 + 2a ? )^2(«2-f2ar) + l = 
x* + 4a? 8 + 4a? 2 -2a> 2 — 4a?+l=a?*+4** + 2tf 2 -4a?+l. 

[5.] [(H-«)(l^)] 8 =<l-« 3 )8;(l-.« 2 ) 2 == l-2« 2 + ** 

1- a* 
l-2a? + a?* 
— aft + 2a?*— a* 
(1 -a*)* = l-3a; 2 +3a : rr a ? 

[6.] {(s-y^^^-^xy + y 2 ) 8 ; {(a ? 2 -2^)-hy 2 } 2 a 
(a? 2 -2*y) 2 + 2(* 2 --2*y)y 2 + y*=: 
ar*-4a*y+ 4a? 2 y 2 + &V— '4ay»+y*=: . 
# 4 -4a 3 y+ 6*V— 4a?y 8 — y* 
a: 2 — 2a:y-fy a 

• .*?— 4a*y+ 6ar*y 2 — 4ary + *V 

- -2afy+ 8**y»— "I2ay + 8*y-&y* 

% _^ **y 2 - 4aV,+ r 6a?y*--4a:y 5 +y e 

(a?-y) 6 = "a*— 6afy+ 15ar*y 2 — 20sY + 15*V- 6a^ +y« 

[7.]{(aJ 2 -2o«)+3a 2 } 2 = (^-2aa?) 2 + 6rf(4_2a*)+ 9a 4 

* ss. « 4 -4aa^+4a 2 a! 2 +6a 2 « 2 -12c 8 aH-9«* 
. s a^4oa*+10aV--12a 8 a?+9a 4 . 

[(a+6)-f(c+d()] 2 =(a*|.5) 2 +2(aHrft)(«+rf)+(c+^) 9 

=a 2 ^-2aA + & 2 -|-2(ac+6c*-farf+6rf)-fc 2 +2crf+d 2 
=a 2 +2a(6+c+<i)+'2» 2 -f26(c+rf) + c 2 +2cd+<^; 
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INVOLUTION. 83 

[9.] 
(l-r2a?+aj8+i s +«*) 2 ={(l-2a:) + (2^+a?*)}2 

==(l-2a?) 2 +2(l-2a?)(2a? 2 +a? 4 ) + (2a? 2 +*') 2 
= l-4a?+4a*+2a? 2 (l-2a?)(2+a? 2 ) + 4a?H4a?«+a? 8 . 
= l~4ar+4« 2 + 2a? 2 (2-4a?+« a — 2a? 8 ) + 4a?*+4a? 6 +a? 8 
= l-4ar+&e a -8aj 8 +6«*-4««+4^+« 8 . 

[10.] The expression enclosed between the outer brackets is, 
(l-a?) 2 (l+ar) 2 = (l-a? 2 ) 2 = l-2a? 2 + a:*; 
the square of this is, 

{(1 - 2*2) + ar*} 2 =5 (1 -2a; 2 ) 9 + 2(1 -2a? 2 ) a?* + a?* = 
1 _ 4a; 2 + 4s 4 + 2x* - 4atf + * 8 = 1 -4a^+ 6a? 4 -4a?«+a?» ; 
and the square of this square is, of course, the required fourth 
power : we shall compute it by. using only detached coefficients, • 
as explained at page 15 of this Key; the learner observing 
that the terms of each factor follow one another according to 
the powers of x*. 



1- 
1- 

1- 

m 


-4+ 6- 
-4+ 6- 
-4+ 6- 
-4 + 16- 
6- 


- 4+ 1 

- 4+ 1 

- 4+ 1 
-24 + 16- 
-24 + 36- 

- 4 + 16- 

1- 


- 4 

-24+ 6 
-24 + 16- 

- 4+ 6- 


-4 

-4 + 1 


1- 


-8 + 28- 


-56 + 70- 


• 56 + 28- 


-8 + 1. 



Consequently, by now introducing x 2 and its powers, we 
find the result sought to he 
* 1 - 8a? 2 + 28a?*-56a>« + T0a? 8 -56a? w + 28a? 1 *-8a? 1 * + a? 16 . 

The learner must clearly see the advantage of using de- 
tached coefficients in a long multiplication like this : besides 
the time and space saved by the suppression of the letters, all 
that confusion is avoided that would otherwise be presented 
to the eye by so many exponents. 

[11.1 The expression within the outer brackets is (a? + a) 2 
(a?— a) 2 »*>)*— a 2 ) 2 »a?*— 2 « 2 a-2+a4, so that we have to take 

c 2 
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34 KEY TO YOUNG'S ALGEBRA. 

the cube of this expression, which may be replaced by 

a 2 a 4 
#*(!— 2 ~2 + - A where the quantity within the brackets has 

its terms proceeding according to the powers of — 5 : we 

• x * 
may therefore use the coefficients only, as in last example. 



1 
1 


-2 + 
-2 + 


1 
1 








1 


-2 + 
-2 + 


1 

4- 

1- 


- 2 

- 2 + 


1 

1 

1 

8- 

6- 




1- 
1- 


-4 + 
-2 + 


6- 
1 


4-+ 




1- 


-4 + 
-2 + 


6- 
8- 
1- 


4 + 

12 + 

4 + 


■^2 

-4 + i 


1- 


-6 + 15- 


20 + 15 - 


-6 + 1- 



a 2 
These are the coefficients of -5 and its powers, commencing 

x* 

with the- second coefficient — 6 ; and when these powers are 

introduced the whole must be multiplied by x 12 , that js, by 

the third power of a? 4 , the factor that has been omitted : it is 

plain therefore that the complete result will be 

x 12 - 6a 2 * 10 + 15a 4 * 8 - 20a 6 * 6 + 15a 8 * 4 - 6a 10 * 2 + a 12 . 



[12.] (a-&) 8 = a 8 -3a 2 & + 3a& 2 -& 8 (page 61, Algebra); 
therefore the proposed expression is (a 3 + 2a6 2 — 6 3 ) 2 

a 8 + 2a& 2 -6 8 
. a 8 + 2a6 2 -6 3 



a 6 + 2a 4 & 2 — a 8 6 8 

2a 4 6 2 + 4a 2 6 4 -2a&» • 

- a 8 6 8 -.2a6 g + 6 6 

a 6 + 4a 4 6 2 — 2a 8 6 8 + 4a 2 6 4 — 4a6 6 + 6* 
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INVOLUTION. • 85 

b b 2 b 3 \ 
Or,a 6 (l+0- + 2-^— -g ) 2 , in which form. we may use 

detached coefficients, as in last example. 

1+0+2-1 
1+0+2-1 
1+-0 + 2-1 

2+0+4-2 
- 1-0-2+1 

1.+ + 4 — 2 + 4 — 4 + 1". 

These are the coefficients of * and its powers, com- 
mencing with, the second coefficient 0; therefore,' when the 
factor a 6 is introduced, we shall have the result obtained in 
fy]l by the common method. 

[13.] By,p. 61 (Algebra) (a + b)*=zcfi + 3a 2 b + 3ab 2 + V> 
(a-&) 3 = a 8 -3o 2 & + 3a£ 2 -& 3 
The sum of these is, ' 2a? + 6a& 2 , of which the 
square is 4a fl + 24a 4 b* + 36a 2 6 4 , by Theorem 2, p. 44 
(Algebra). 

k [14.] 2*-(3*-2) = 2-* and (2-s) 5 = (2 -*) 2 (2 - a?) 2 
(2- x) = (4-4*+**)»(2— *). By-detached coefficients, 

4- 4+ 1 
. 4- 4-+ 1 
16-16+ 4 
_16 + 16- 4 

4—4+1 ' 



16- 
2- 


-32 + 24- 
- 1 


- 8+ .1 


i 


32- 


-64 + 48- 
-16 + 32- 


-16+ 2 

-24+~8- 


-1 


32- 


-80 + 80- 


-40 + 10- 


-1.- 



And, introducing the powers of x, the complete result is, 
\ ' , 32 - 80* + 80s 2 - 40# 8 +-10a? 4 - **. 
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86 KEY TO YOUNG'S ALGEBRA. 

[15.] (a + &+c) 2 = (a + &) 2 + 2(a+5)c + c*; and sub- 
tracting (a + b) 2 + c 2 , there remains 2 (a + t)c, of which the 
cube is tya* + 3a 2 6 + 3a6 2 + 6 8 )c 3 . 

[16.] (a? + y) 3 =a? 8 + 3a? 2 y + 3a?y 2 + y 8 ; and subtracting 
3 a? 2 y + 3 sy 2 , -there remains a? 8 + y 8 , the square of which is 
a? 6 + 2a? 8 y 8 + y 6 . 

[1 7] (a? 2 + a 2 ) 2 = a; 4 + 2 a 2 « 2 + a 4 ; and subtracting 4a 2 * 2 , 
there remains a? 4 — 2a 2 a? 2 + a 4 ; the square bf which (see 
example 11) is a? 8 — 4a 2 a? 8 + 6a 4 a? 4 — 4a 8 a? 2 + a 8 . 

[18.] (3a?-2) 2 = 9a? 2 -12a? + 4; and-(2a>-3) 2 = 4a? 2 - 
12 a? +-9 : subtracting this the«e regains 5a? 2 — 5=5 (a? 2 — 1), 
the cube of which is 125 (a? 6 — 3a? 4 + 3a? 2 — 1). 

[19.] (5a?+i) 2 =25a? 2 + 10a?+l; and (Savi-l^aa?^ 
6a; +1 : subtracting this there remains 16a? 2 +4a::=4a?(4a?+l), 
the cube of which is 64ar*(64a? 8 + 48* 2 + 12a? + 1). 

[20.] (4-a?) 2 =16-8a?+a? 2 ; and-(3+2a?) 2 =s9 + 12a?+4a? 2 : 
subtracting this there remains 7 —50a? — 3 a? 2 , which is to be 
cubed. We shall use detached coefficients. 
7_- 20- 3 

7- 20- 3 * 



49— 140- 21 

- 140+ 400+ 60 

-21+60+ 9 


-180 
-360- 




49- 280+ 358+ 120+ 9 
7- 20- • 3 




343-1960 + 2506+ 840+ 63 
— 980 + 5600-7160 — 2400- 
. - 147+ 840-1074- 


-21 


343 - 2940 + 7959 - 5480 - 341 1 - 


-540- 


-27. 



Therefore, introducing the powers of x 9 commencing with 
the second coefficient, the required cube is 

343-^940 a? + 7959a? 2 - 5480a? 8 - 341 1» 4 -540a? 8 -27a? 6 . 



Although in ma!hy. of the more troublesome, examples* in 
the present Section we have, for the sake of abbreviation, em- 
ployed the method of -detached, coefficients, yet we Jiaye not 
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EVOLUTION. 37 

thought it prudent to advert to this method in the Algebra. 
Our reason is this : .the principal object with a teacher, in 
giving practical examples in the earluaart of Algebra, is to 
habituate the student to the use of $^moU t and to give him 
a facility in working -with them; an object that would not 
be subserved by suppressing the Utter*, and working only 
with figures. But in the present Key, we have thought it 
instructive to give the foregoing specimens of the shorter 
jnode of proceeding, which might have been adopted more 
frequently, if brevity of work were the only thing necessary 
to secure. 

Page 68. The' examples in this page require no explanation 
here : the answers at' the end of the Algebra exhibit the 
solutions. 



EVOLUTION: EXTRACTION OF THE SQUARE-ROOT. 
Pagb 73. 

* , [!■]• [*■] 

9** «* 

o** 3 — a] -6ax*+a* • 2x*+x] 2s 8 + 3* 2 » 

-6a* 2 +a* . 2a?+ x* 



2* 8 +2*+l] 2* 2 +2*+l 
. 2s 2 +2a>+ 1 

[3-] 
\ 9tf*-12*» + 16* 2 -8* + 4[3* 2 -2* + 2 

6* 2 -2#] -12* 8 + 16* 2 
-12s 8 + ix* 



6s 2 — 4*+2] 12# 2 — 8# + 4 . 

12a? 2 - 8x + 4* 

• The learner may easily work the first thirteen of these examples 
by the method of detached coefficients. 
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88 KEY TO YOUNG'S ALGEBRA. 

[4.] 16a 2 a? 2 + Sax 2 + a? 2 + 8ax + 2x + 1 [4aa? + * + 1 
16a 2 a? 2 

8aa?-|-a?] 8a^4-* 2 

8ax 4 2a?4 lj. 8aa? + 2a?4l 

• 8aa? + 2a?+l 



[5.] 4a? 6 4-12ic 5 -|-5a*-2« 8 -|-7« 2 -r2a?+l[2aJ 3 + 3« a — i+1 
4a? 6 « 

4;c 8 +3a? 2 ] 12a? 5 + 5ar* 
12a*49a?* 



4^ + 6a? 2 -*] -ix*-2x* + 7x* 
_4a?*— 6a?* + a? 2 



4ar*+6a? 2 -2a?4-lJ • 4a? + 6a? 2 -^2a?+l 
4a? 8 4-6a? 2 -2a; + l 

[6.] 4a^-24aV 5 + 60a?*-80aJ 8 4-60a? 2 -24a?4-4[2a? 8 -6a? 2 +6a:-2 
4a? 6 • 

4ar3-6a?2] -24ar* 4.60a?* 
— 24a* + 36a?* 



4a? 8 -12a? 2 + 6a?] 24a?*-80ar* + 60a? 2 
24a?*-72a? 8 + 36a? 2 



4ar 3 -12a? 2 + 12a?-2] - 8a? 3 +24a? 2 -24a?+4 
• - 8ar 9 + 24a? 2 -24a?-f4 

[7.] 4a?*-12a? 8 -fll* a -3a?-|-J[2a? 2 -3a? + i 

4a?* ._ 

4a?-3a?] - 12a; 8 + 11a? 2 
— 12a? 8 -f- 9a? 2 ' 



4a? 2 -6a?+£] 2a? 2 -3a?*+i 

2a? 2 -3a?+| 

[8.] 49a?* + 28a? 8 - 17a? 2 - 6a? + |[7a? 2 4- 2a?- 1 
49** __ 4L ' • 

14a?*+2a?] 28a? 8 -Ka? 2 
28a? 8 + 4a? 2 



H*2 + 4a ._|] _21a? 2 -6a>4-* 
— 21a? 2 -6a? + $ 
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EVOLtmON. 

[9. 1 4a?* + 6a? 3 f V* 2 4* 15a? + 25 [2**.+ \x + 5 
4 a?* 

4 a? 2 + |«] 6 a? 8 + V* 2 

6a?«_+J^ ; 

4a; 2 + 3a? + 5] 20a? 2 + 15a? + 25 
20a? 2 + 15a? + 25 



[10.] l+4a?-2a? 2 -4a? + 25a?*-24a* + 16a?« [l + 2x-~S*fi+ia* 

2+ 2a?] 4a?- 2a? 2 
4a?+4a? 2 



2 + 4a?- 3a? 2 ] -6a? 2 - 4a? 8 + 25a?* 
-6a? 2 - 12a? 8 -!- 9a?* 



2 + 4a?- 6a? 2 -}- 4a? 8 ] 8a? 8 + 16a?*^24a? 5 +16a?« 
8a? 8 + 16a?*-24a?* + :!6a?« 



[11.] 

64a? 6 -f 192a? 6 +240a?*+160a? 8 +60a? 2 -|-12a?+ 1 [8a? 8 -!- 12* 2 +6a?+l 

64a* 

16a? 8 +12a? 2 ];192a? 6 +240a?* 
192a?*+144a?* 



16a? 8 +24a? 2 -|-6a?] 96a?* + 1603?+ 60a? 2 

96a?*-H44a? 8 +36^ 2 

16a? 8 +24a? 2 +12a!+l] 1 63?+ 24a? 2 -!- 12 a? +1 

lta»+24** + 12*+l 

[12.] 
4a?-16a?«- 16a? 8 +12a?*+32a? 3 +24a? 2 +8*+l [2a?*-4a? 2 -4a?-l 



4a?*-4a? 2 ]-16a^-16a? 5 

— i6a?*.+i6a?* 

4*?*— JSx 2 — 4«] -16a? 6 - 4a?*+32*» 
-16a^ J + 32a? 8 + 16a? 2 



4a?*-8a? 2 -8a?-ll - 4**+ 8aa+8a?+l 
— 4ar* + 8a? 2 + 8a? -J- 1 
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40 KEY TO YOUNG'S ALGEBRA. 

[13.] ^-?-2« 8 H-13'44« a -.l-r2ap4--0576 [a 2 -3-6*+-24 

2a 2 -3-6«] -7-2*8+ 1344s 2 
-7-2*8 + 12-96* 2 



2s 2 -7-2*+-24] -48^-1 -728a? + -0576 

•48g 2 -l-728s+ -0576 

• [!*•] 
9a 2 +6o6+30o<j + 6aa*+& 2 + 10&c+2&d+25c 2 + 10ca'+d 2 ; or, 
(3a + 6) 2 + 30ac+6ad+10fc+2&J+25c 2 + 10cd- r d 2 [(3a+6)+ 
( 3a+6) 2 5c + d 

6a+26+5c] 30ac+ 6ad+10fo 
30OC+KJ&C + 25C 2 



6a+26+10c+a'] 6ad+2kJ+10cd+d* . 
6ad+2bd+l0cd+<P 

[15.] 4*y-12« 8 ^ + 17aV-12s 6 y+4* 6 [2^-3*^+2*8 

4*V 

4*y 2 -3*V] — 12«V-+17«V I 

-1*2*V + 9*V 



4*^- 6*^+2*8] 8*y-12*fy+4s« 

8**y 2 - 12*^+4** 

[16.] a 4 *— 4a 8m+ «+ 6a f, » +f »— 4a"• +8l, +o 4, • [a 2 *— 2a* + "+a 2 " 

a 4 *' 

2a 21 "— 2a m+ *] — .4a*»+»+6a 2m+2 * 
4a 3 " ,+n +4a 2 " ,+2n 



2a 2w — 4a m+ *+a 2n ] 2a 2m+2 » — 4a* +8,, +a 4 * 

2 a 2m+2» _4 a m+ Jw + a 4» 

[IX] ^-4^+6x 2 ^-4«y*+y*[a? 2 -2ay+y 2 ==(«-.y)* 

a£ and the Square root of 

2* 2 -2*y] -4««y+6«y thiBi»*-*> . 4 

-4*8y+4*V 
2a 2 — 4*y+p] 2* 3 y 2 — 4*y»+y* 

2*V-4*y8+y* 
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EVOLUTION. 41 

[18.] 16*--96*»y+216*y-2i6** , +81y*[4«M2«y+8y< 
I&b* and the square 

8**-12*y1-96*»y+216*y root of this ia 

. -96*V+U4sy 2*-3y. 

8**-24*y+V] 72«y-216«y«+81y* 
72»V-216gy»-p81y« 

J19.1 #« + 4*« — **» - 8* + 4 [** + 2* —2, Incomplete 
#* w«; consequently (pp. 

2** + 2*1 4*»~3*« • • 71, 72,Alg.) the proposed 

4*'» + 4** expreasion is mad© up of 

^« + 4« l7P=TJ3B?+l the two factors below; 

— 4a? 2 — 8*.+ * 
-3a? 2 

(a? 2 + (2 + v/3)*- 2}{ar« + (2 - ^ 3)*- 2} 

[20.] a?* — 4a? 8 + 7a? 2 — 4a?+l [x* — 2x+l, Incomplete 

x* root; therefore the pro- 

2* 2 — 2a?l — 4a? 8 + 7**' P 08 ** ©xprewon is formed 

— 4i8 + 4^2 from#he two factors l^ 

2a? 2 -4JS+T] 3a?*-4a? + l low; 

2a? 2 — 4a?+l 



{* 2 -(2-y-l)* + % 2 -( 2 +^- 1 )*+ 1 } * 

Note. At page' 77 of the Algebra, a method of extracting 
the square root of a polynomial is proposed which is much 
more compact than the mode hitherto adopted, and which 
has uniformly been employed in the foregoing examples : we 
shall -here apply the method alluded to, to Example 12 above,' 
giving to the workman arrangement a little different from that 
in the book, but in perfect accordance with the principle there 
explained, — 

. 2a?*± v '(16a?H16a? 8 -12a?*-32a 8 -24a? 2 -8a?.-l), 
2a?*-4a? 2 ± v / 06^ + 4a?*-32aj s -24a? 2 -8*-l), 
2*i-4* 2 -4*±y(4**-8* 2 -8*-- 1), 
2**— 4a?*-4a>-l± •(> .\2a?*-4* 2 — 4*-l is the root 
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4£ KEY TO YOUNG'S ALGEBRA. 

Again, let Example 20 be ta^en: we proceed thus:— 

a? 2 ± -/(4a: 8 - 7x* + 4a?- 1), 
a? 2 - 2a?± -/(- 3a?? + 4a? ^ 1), 
««-2a? + 1 ± •(-^ , .{«M2- */-!>+ l){*-(2 + -/-1)*+ 1} 
are the two factors of which the proposed expression is 
formed. 

The signs of the terms under the radical are changed, in 
the above proeess, in order that, at each step, the two factors 
which reproduce the expression proposed may be exhibited 
with the proper signs. In the former mode of. working this 
example, the final remainder, a? 2 , must have its sign changed 
when introduced, under the radical, in the incomplete root. 
The learner will easily see that, whichever pair of expressions 
above be multiplied together, the original expression will be 
produced; remembering that the sum, multiplied by the 
difference of two quantities, gives the difference of jbheir 
squares. .Thus, — 

{a; 2 -2a?+y(-3a? 2 + 4a:-l)}{^-2a?- v /(-3f + 4a?-l)} 
gives the same product as the factors above. 



Extraction op the Cube Boot. — Page 76. 
[1.] a? 8 -9a? 2 + 27a? - 27[a?-3 - 



3*2_ 9a? + 9] - 9a? 2 + 27a?- 27 
- 9a? 2 -f 27a? -27 



[2:] a?«-3a? 6 + 5a? 3 -3a?-l [* 2 -a?-'l 

a?* • 

Zxt-Sxt+x 2 ] — 3a? 6 + 0a; 4 + 5x* 
— 3a? 6 + 3a? 4 — a? 8 



3(a> 2 -a?) 2 -3(a? 2 -a?)+T| - 3**+ 6a? 8 +0a? 2 -3a?- 1 
or, 3a? 4 — 6a? 8 + fo* + 3tf+ 1J - 3a? 4 + 6a? 8 + 0a? 2 -3a?- 1 



EVOLUTION. 43 

[3.] a?« + 6«*-40^+9fl*-<U [**+2a?-4 



3a? 4 + 6a? 8 + 4a? 2 ] 6a? 6 + 0a?*-40a* 
6a? 6 4- 12a? 4 + 8a? 3 



3(a* + 2*) 2 - 12(a?2-h 2a?) + 16' 
or, 3a; 4 + 12ar> + 0a? 2 -24a?+16 



-^a^^Sr' + Oa^ea?-^ 
-12a? 4 -48a*+0a? 2 +96a?-64 



[4.] x*-6x* + 15x*-20a* + 15x*-6x+l[x*-2x+l 
a? 6 
3a? 4 - 6a? 3 + 4a? 2 ] - 6a? 5 + 15a? 4 - 20a? 8 
—6a* 412a? 4 - 8a? 3 



3(a?*-2a?) a + 3(a? 2 -2ar) + l]3a?*-12a^ + 15a? 2 -6a?+ 1 
or,3a? 4 -12a? 3 + 15a? 2 --6a?-H J3a? 4 -12a? 8 4-lga? 2 -6a?+l 

15.]. a«-12a?*+60a? 4 -160a* + 240a? 2 -192ar+64 

x* [x*-4cx+i 

3a? 4 - 12a* + 16a?] — 12a* + 60a? 4 -160a* 

-12a? 6 + 48a? 4 - 64a? 3 

3(a*-4ar) 2 + 12 (a?--4a?) 416112a? 4 - 96a* + 240a? 2 -192a? +64 
or,3a? 4 -24a? + 60a? 2 -48a?+16 J12a? 4 - 96a? 3 -f 240a? 2 - 192a? +64 

[6.] x*—^ + Wx*—l<*x*+Wx*—$a*x+a* 

x* [a? 2 — aa?+a 2 

. Zxi-SaxS + a**?] -Sax* + Wx* -1 cPx* 
-Soa^ + SaV— aSa? 2 



3^— o*) 2 + Sa^-oa?) + a 4 ] 3aV - e^a? 2 + eaV— 3a 6 a? + a« 
or, 3a? 4 — 6cm? 8 + 6oW— 3a 8 a? + <r*J 3aV— *&&±W&— 3a 6 a?+tt< 



[7.] 

8* a +48*»y + 60* V - 80* V-90* V + 108*y«— 27y* [2*« + 
8*« . 4*y-Sy« 

12**+24*»y+16*V] 48*»y+60**y«- 80* V 

48*»y+96*«yM- 64*»y» 

8(2*«+4*y)»-18*y-S6*y»+9y* "| -36**y 1 -144*»f»-90*V + 108*y»-27y" 
or, 12*«+48*»y+30*»y«-86*y»+9y«J — S6*V-144*»y*-90*V+108*y' -27y« 

[8.] a 8w -6o 2 »+ 1 a?»+ 12oF+V»— 8aW»[<i»— 

a 8 ** 2(M5 n 

3a 2w — 6a w+ ^ + 4a 2 a? 2 *] — 6a 2m+ *«» + 1 2a OT + 2 a? 2, • — ScAc 8 * 
— 6a^+V»4a2aF+W»--8aW« 
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44 KEY TO YOUNG'S ALGEBRA. 

[10.] 
^+8^+6as'+l<^+12*'+12* 4 +10* , +6*»+Sa:+l 

&E 8 +3a;7+ * * 



&(a 8 +a?*) s +3#*+&e 8 +s» 1 8a? 7 +9* 6 +12**+*2* 4 +10a* 
or, 8a*+6«*+6a?*+8a^-f«»j 30*+ fo*+ fa*+ 3**+ ae» 

or,8««-|-6«»+9**+9«»+«»*+8a:+lJ 8*»+ fi*?+ »**+ 9* 8 -h&c»+8g+l 



REDUCTION OF FRACTIONS TO -A COMMON 
DENOMINATOR— Page 86. 

[I.] In this example the changed numerators ace 15 (2a? + 3), 

12#, 20; and the common denominator, 60; therefore the 

, i^ ' 30* + 45 12a; 20 
changed fractions are ^ — , -^-, ^. 

[2.] The new numerators are, 3ac, 2 a 2 6 c, 6a 8 6 ; and the 
common denominator, 66c: therefore the changed fractions 

Sac 2ahc 6a 8 6 . 
8X6 66^ 66c ' 66c' 

[3.] The denominators of the first two fractions are made 
alike, by multiplying the first by 2 and the second by 6 :• 
therefore we have only to multiply the denominator of -the 

3 

third, that is of - by 6 6, to render all the denominators alike : 

hence, multiplying numerator and den&minator of each by the 
same thing, we have for the changed fractions, 
' • 2ax 6*x* 186 
66 '. 66 ' 66 - 

[4.] The denominators of the first and second fractions are 

made alike by multiplying the former by 6 and the latter by 

a: hence to make all alike, we must multiply each of these 

again by 4 and the third by a bx :* the changed fractions are 

16& frq* Zahx 

4 aba? iaba? 4a6#* 
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REDUCTION OF FRACTIONS. 45 

[5.1 The first two denominators multiplied together make 
the third (theorem 1, page 44, Algebra): therefore we have 
only to multiply the terms of the first fraction by a + x, and 
the terms of the second by a — a?, and to leave the third 
untouched : the changed fractions are thus, 
( q + g) 2 (q-*)» 1 

a rZ^*> a 8 -* 2 ' a 2 -* 2# 

[6.] The oommon denominator here is evidently xyz, so 
that the terms of the first fraction are to be multiplied by ?, 
those of the seoond by y, and those of the third by x: the 

. t 2y Zx 

fractions are. therefore, — , — -, — • 
xyz xy€ xyz 

\ [7.1 These fractions are, /r - l — r^ ., n r-~ v : 

L J (1 + x) (1 — xy (1 — x) (1 — x) 

therefore the denominators are made alike, by multiplying the 

first by 1 — x, and the second by 1 + * ; so that the changed 

- .. a?(l — x) 4+a? 

fractionsare, (1+ ^ )(1-ip)2 , (1+ ^ )(1-a:)i . . 

[8.] These fractions are the same as 

x a I 



a(a + x)' x(a-x)' a 2 -* 2 ' 

and it is plain that by multiplying Hie first denominator by 
a — x, and the second by a + x, the factors within the 
brackets will each be the same as the third denominator. 
Consequently i£ after these multiplications, we multiply the 
first denominator by x, the second by a, and the third by 
ax, aU the denominators will be made alike; hence the terms 
of the first fraction must be multiplfed by x(a — x) y those of 
the second by <£{p, + *), and those of the thud by aar'the 
changed fractions thus become 

x*(a — x) a 9 (a + x) ax 

ax(a*-x 2 ) 9 ~~ axia*^x*f al^*^x*)' 

The minus, before the middle fraction, might of course 
have been spared by changing the sign of the denominator, 

a % (a + x) 

writing the fraction thus, — j\ jr« 

^° ^ ax{x* — a*\ 
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[9.] The denominators of the third and fourth fractions 
are (a + x) (a + x) and 6(a + x) (a — *), which are made alike 
by multiplying the first of these by 6(a — x\, and the second 
by a -f x; for each then becomes 6(a + a?) 2 (a — a?) : hence to 
make all alike, it is plain that we shall only have to multiply 
the first denominator 2 (a + x), by 3 (a + #)(a — a?), and the 
second 3 (a — a?), by 2 (a -f x) 2 . Consequently, by multiplying 
the terms of the first fraction by 3ft* 2 — a? 2 ), those of the 
second by 2(a + #) 2 , those of the third by 6 (a — A and 
those of the fourth by a + x, we shall have the following 
equivalent fractions in a oommon denominator : 

3(a*-x*) 4(q + s) 2 30(a-*) 

6 (a -#)(<*•+*)*' 6(a-«)(a + *) s ' 6(a-x)(a + x) 2 ' 
a-f-4? 
6(a — *)(a + *) 2# 

[10.] The denominators of these fractions are, 

2(*+l),*A2(*+l)(*-l),2, 

the third of which contains all the others as factors] it is, 
therefore, the least common multiple of all;* hence the 
numerator of the first fraction is to be multiplied by a?— 1, 
that of the second by 2(a?+l), that of the third is to be 
left as it is, and that" of the fourth is to be multiplied by 
x 2 — 1 ; and 2 (a? 2 — 1) will be the denominator common, to 
all : so that the fractions are, 

. x-1 . 2 (a? + l) 1 a?*-l 

2(tf 2 -l)' 2(a? 2 -l)' 2(* 2 -l)' 2(* 2 -l)* 

[11 .1 Multiplying each numerator by the denominator of 
the "other fraction, and putting the product'of the denomi- 
nators, namely {a — (b — c)} [a -f (6 — c)}, underneath, the 
changed fractions become 

(a + b-c)* ( g-b + c )* 
a *-(b-c) 29 a 2 ~(6-c) 2 . 

[12.] The denominators are 4(* 2 -1), 8(s 2 - 2) > 3(a 2 -l), 
6(ar 2 + 2)(o? 2 — 2): the least common multiple of these is 
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8xS(x*-l)(x* + 2)(x*-2) that is 24(* 2 -l) (* 4 -4); 
therefore the fractions in a common denominator are, 

, 6(s*-4) 3(^-1) (^ + 2) 8(s*-4) 

M^-IK* 1 -*)' 24(^-l)(^~4) , 24(^-l)(^-4) > 

*£=* ) 

24(^-l)(^~4)' 



ADMTION AND SUBTRACTION OF FRACTIONS. 

Page 87. 
n "I 1*5 7* — 4 9a? + 14a? — 8 23a? — 8 

r : n ^ar-^ 1 42a? + 4a?-10-l 46a?-ll 
W ,i+ 1 14= 14 =-14— 

m <T -y, *'+y a (*-y) 2 +* 2 +y 2 _ 2fej = g±gg 
1 J * + y + * 2 -y 2 ~" ^-y 2 ~" * 2 -y 2 

^r-l 2a?+l 5 3a?-3 + 4a? + 2a:-5a; _ 4a? 2 -3 
r n 2a?-3 3a?+4 5-2a? 14a?-21-12a?-16+5-2a? 





28 


32 

28 ~ 


8 



<- b,J 4(1 -M) + 4(1-*) + 2(1 +**) -4(1-*V 4(1-**) + 
1 1 _ 1 1+rf+l-* 8 1 



2(1 -f* 2 ) ~~ 2(1 -a?) T 2(1 +*») ~ 2(1 -«*) _ 1 -** 

a^-1 1 _ a i! -l-83»-4*-f2*+l _ 7x2+2* 

••'•J8^+4~ X+ 4- 8*+4 ~ 8»+4' 
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f81 * Jja?_ a?— 2a ? , *+2 2a? # ( a?~2)a g_ 
L J 2 s+2 4 * 2(4-s 2 > H " 1 - 2 ~x+2~ 2(* 2 -4) — 



(«+>y-4« a 2 4 2 

[9.] 



2(a?+2) 2(s+2)"-"2(a;+2)~~a?+2 

a? + 3 2(ar + 1) — x+l 



*-l 2(* + l)~2(* 2 +l)- 2(a: 2 -l) 
x+3 a?+3 ar+3 (a4-3)(a?+a)-(asf 3)(a?*-l) 

2(^ + l)~2(« 8 -l)""2(« 2 + l)"" 2(**-l) 

2(x~3) a; -3 
— 2(a^-l) — ** — l" 

HOI * *~ 3 -u * s+3 *<g+3)+*(*-3) 2 
L 1U -J ^Z3 iT^i+I 5~- ^2^9 r ~ 

_ 2s 2 -2s 2 +18 18 
~ ^-9 ^a 2 -^' 

rinJl _^_ i . i _ *»(*+ i)-a*(*-i) 

L J *-l *+l *+l + *+l"" *2-l - 

* 2 (**+l) 

L ,J *--l a*+l «--l + «»-M^«--l *»+l' 
and by actually dividing, this becomes, 

a? 2 " + x* + 1 — a?" + 1 = a? 2 " + 2. 

n 3 1 1 1 a? 

LW ' J 4a 2 (*-a) + 4a 2 (*+a) ~ 2^W) 

aj+a+a?— a a? 



- 4aV-«*) "" 2a 2 (a*+a 2 ) 
a? a? 2a 2 a? _ w 
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ri/| i l , 1 , 1 g—x+a+x t 

1 J 4a8(a+ar)" t "4a 8 (a~*) i "2a 2 (a 2 +« ?a )"" Ma 8 -* 2 ) 
1 1.1 1 



2a 2 (a 2 +a?)~2a 2 (a 2 -* 2 ) M" 2 ** 2 ) "" ^t**" 

L ' J y *+y y(y 2 — a 2 )""* y(*+y) y(*+y) 



y 2 y 



y(«+y) *+y 

» 1 s+3 g+3._. jp— 1 *+3 

L J 2(#+ 1) + 2(s 2 +T) + **-l ~ 2(* 2 -l) ^(s 2 * 1) + 
x + $ (*-l)(s 2 + l) + C* + 3)(**-l) * + 3 
a^-l"- 2(**-l) + *4_i= !f 

#3 + x * — 2 + a? + 3 ._ a? 8 + a? 2 ,-f a? + 1 
7* x~*=l **-l ; 

and by actually dividing numerator and denominator by the 

numerator, this becomes = . • 

• 
[17.] Introducing the factors into the denominators, of the 
second and third tractions, so as. to make the denominators 
like that of the first, we have, 

2x*-Hx-l)(x-2) + 8lx-l)(x-3) 1 

2(a?-l)(*-2)(a;-3) -~2(*^.l)' 

In this example the application of theorem 3, at page 44 
of the Algebra, will save a good deal of work : thus, by aid of 
that-theorem, we, find at once (x — 1) (x — 2) == a? 2 — 3a? + 2 ; 
and (x — 1) (a? — 3) = x 2 — ix + 3 : hence the numerator is 
#2 _- 5x + 6 j and we see, by the same theorem, that (or— 2) 
• (x _ Z), in the denominator, is the same thing : consequently 

the fraction is reduced simply to jr-, =v 

. . 2{x — 1) 

[18.] 
*~ 2* + l 2"*" • • 2*+l • 2~2pfl 2 • 
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50 KEY TO YOUNG'S ALGEBRA. 

MQ1 1 1 1 _ 

L iy J 8(*-l)~4(*-3)+ 8(*-5)" 
(ar-3)(a?-5)-2(a?-l)(a?-5) + (s-l)(a;-3) _ 
8(*-l)(*-3)(a;-5). "" 

a&Sx +.15-2 ( ^-6^^5) +s 8 -4a?+3 1 

8(a:-l)(a>-3)(a?-5) ~(ar-l)(*-3)(a;-5y 

rom a h a2+ft2 ^ a 6 a2+62 

hence the expressions are equal. 

r9 , a 6 _ab + ac—ab—bc __ ' ac — bc 

\ '* a + c~6 + c"~ (a + c)(6+c) ~"(a + c)(6+<c)* 

c c ac + g 2 — 6c — c 2 ac — 6c 

911 6 + c~~a + c == (a + c)(6 + c) = (a-T-c)(6 + c)' 

r 91 6 ad — 6c __ bd (c — da?) + d(a d — be) __a — bx 

L -I 5 + d(c-d*)"" c*V-<**) "^c^d^ 

a (ad — 6c)a?__ac(c— da?) + (ad — 6c)ca?_a — 6a: 

. c c(c — dx) "" " c 2 (c — dx) ~~ c — dx 



MULTIPLICATION AND DIVISION OF .FRACTIONS. 
Pages 90, 91. 

r ^-a + x a—x a 2 — x* 

[2.] 
(a+a?Xq-g) 6 2 -fy 8 _ (o-^rX 62 +y 2 ) o6 2 +ay 3 -6 2 a^-a!y 8 

£2_y2 X a + a? - ft 2_ y 2 == 52_y2 » 

m a2 + * 2 a2 ~ -y 2 _ « 4 — ;a 2 y 2 -j-g 2 a? 2 — a? a y 2 
*■ '^ aa? . ay "" a 2 a?y 
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MULTIPLICATION AND DIVISION OF FRACTIONS. 51 

r 6 i a? 4 -y 4 *-y _ (^+y 2 X^-y 2 ) , 1 _**+y 2 , 

L * J (#— y) 2 a?(fl5+y) «— y «(*-»-y) * 

r - n a 2 — a? 2 c^+a? 2 <<*— ** ro1 tf*-«* a» a*—x* 
u J • a aa? a 2 * *• J aPx cP+x 2 a 

. P-l ^-« + ?|-(J- J) 1 ^ this, divided by S_* 

gives for quotient. 

[10.] [11.] 

, 1 1 a? — y v ' a — x a + x a 4 

*. [12.] [13.] 

s«~-y* s-y _ g*-y* _ g g +y !t (a»+l)6 l+«6 _ 6 
(x-yf x{x+y)- x(x*-y*)~ x ' ' l+ab V+l"~ ' 



[14.] 



(a 2 -a; 8 ) 2 q 8 + * a _ q» — x* 
ax(a* + x 3 )' a* — x ,m ~ ax 



j* + 3 y 



\x + 3y 



^y+fy 3 -6y 



i^ + Vay+fy a -^--6y ==Ji(2^+2g^+l3y 8 --4a?-48y); 

or, A(2a? + y-4) 

' j( * + 12 y ) 

2a? 2 + icy — 4a? 

24a?y+12y 2 -48y 

|(2a? 2 + 25a?y + 12y 2 - 4a?- 48y) 

d2 ' r , 

■ ^ Digitized by CjOCK 



52 KEY TO YOUNG'S ALGEBRA. 

[16.] fr+iy+jp+fr+l (2^-^+2=2(^-^+1) 
x* + ar 2 











*+l 
s+1 




or, 


* + 1)4* 8 + 3a? 2 + 3a? + 4(4a? 2 - 
4a; 8 + 4a; 2 

— a? 2 + 3a? 

— a? 2 — a? 


-a\+4 




4* + 4 
4a?+4 





As in the second mode of proceeding, we have multiplied 
the dividend by 4, and the divisor only by 2, the quotient 
must be double of the true quotient.: hence, dividing by 2, 
we get 2a? * — $x + 2, as in the other method. 



1171 a* 4 * 1 * 2 * 8 - 2 * a? _a? 4 + 2a? 8 --2-a?+l 



pa] «■+«.-!-? +*[ # +l-l 



2*+l] 2a?- 1 
2a?+l 



2*+2--l -2-? + i 
a?J a? *» 



-»-i+i. 



o\» 






ifore, the square root is, £ . 

o a 
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MULTIPLICATION AND DIVISION 07 PBACTIONS. 58 

mm * 2ax . a 2 ab b 2 r a b 



al 2 ax 
3J "T 



bx 



2 ax a 2 
T + "9 



2a 61 , ab b 2 

2 *+T—2\- h *-T+l 



ab b 2 
-&—J- + 7 

n ■■ 

In this operation the fractions may be avoided by .multi- 
plying the proposed expression by 36; the square root will 
then be 6 times what it ought to be ; so that, dividing it by 
6, we shall get the same result as that here found. 



[21.] x + a)x (1— - + _,-- + - 

x + a * * x * **(* + «) 



— a 
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54 XXY TO TOUNG'S ALGfcBRA. 

[22.] 





b* ' &*(&+*) 


6 
(a-tyc (<*-&)** 
6 6* 




6* 

6* ' 6 s 


. 


6» 
(a-b)a* 

b* 


(a-6)*« 
6* 




(a,-6)** 



6* 

[23.] 

a*+2a*+**)a* (l-~2* 3s 2 4s 8 (5a + 4s)s« 

a* + 2ax + x* a a 2 a 8 + a 8 (a + #) 2 



— 2a#- 


- ** 






— 2<B«- 


2* 8 
-4* 2 -_ 

a 








o . 2** 






3* 2 + — 








a 








* * 6 * 8 


»#« 






3* 2 + 


■*■— T 






a 


a 3 






4* s 


3*4 






a 


a 2 






4* 8 


8x* 


4* 8 




a 


~ a 2 ' 


"a«" 






5a? 4 


4** 



TF+TT- 
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GBEAtEST COMMON MEASURE, ETC. 55 

r0yjll x , 2x 2 3a; 3 This 54th example 

LJ4.J i - - + - 3 - - — +, &o. mi g ht have been 

* 2a? 2 3a? 8 . easily worked by the 

,+ -q -7-+, &a method of detached 

coefficients, ex- 

plained at page 15 



2^3 4 



2 + T" T~+' & °' of this Key! 

~3 + T- If*'* ' 

"3 ~3+'*°- 

' 3a; 8 



»— +S- f -? #i+ - 



GREATEST COMMON MEASURE, AND LEAST 
COMMON MULTIPLE.— Page 97. 

[1.] x 2 + 2x+l]x* + 2x* + 2x+l[x 
x* + 2x*+ x 

x+l]x* + 2x+\[x+l ; 
x 2 + 2a? + 1 
therefore the G. C. M. is x + 1, 

The two expressions are the same n these, viz. 
(** + l) + 2a?(a? + l) and 
(a?+l)* 
in which x +.1 is seen to be the greatest factor common to 
both. ' 

[2.] Multiplying the first expression by 7 to prevent the 
entrance of fractions, the work is as follows : 
7* 2 -12a?+5]14a? 3 + 7a*- 56a? +35 \2x 
' 14a?*-24a? 2 +10*? 

3U 2 -66a?+ 35] 7 x 31a?2-372a? + 155 [7 
7x3132-462*? +245 
90a?- 90 
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56 KEY. TO YOUNG'S ALGEBRA 

or, G. C. M. a?-l]aia? 2 -66a?+35[31a? + 35 
31 a? 2 -31s 

35a?-35 
35ar — 35 

By the exercise of a little ingenuity, the proposed ex- 
pressions might have been put in the following forms, viz. 

2a?(a? 2 -l) + (a? 2 -l)-6(«?-l), 
7(a? 2 -l)-12(a?-l) 

where it is obvious that a? — 1 is the greatest factor common* 
to both. 

[3.] 3«2-2a:-l] 3x4a*-6a? 2 -9a?'+3 [4a? 
3x4a?»-8a? 2 -4a? 

2a? 2 -5a?+3]2x3a? 2 — 4a?— 2 [3 
2x3a*-15a?+ 9 



lLr-11 



or, G.-M. C. a? — 1] 2a? 2 — 5a? + 3 [2a?— 3 
2a? 2 — 2a? 

— 3a?+3 

— 3a?+3 



The expressions may be decomposed as follows, viz. 
4(a?8-l)-2(a?*-l)-3(a?-l), 
3(a? 2 -l)-2(a?-l) 

where the greatest factor common to both is evidently a?— 1. 

12a? 2 — 15a?+3] 6a 8 - 6a? 2 +2a?-2 
or, 4a? 2 - 5a?-hljor,12a^-12a? 2 + 4a?-4[3a? 

12^-15^+33? • 

3a?*+ a?-4] 12a? 2 - 15a: + 3 [4 
12a? 2 * 4a?-16 



-19a?+19 



or, G. C. M. a?— 1] 3a? 2 + a?-4 [3a? + 4 
3s 2 -3a? 

4a?-4 
4a?-4 
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GREATEST COMMON MEASTOE, ETC. 57 

These expressions are easily decomposed : they are, 
6* 2 (#-l) + 2(*-l) 
and 12a;(a? — 1) — 3(a? — ); 

where x — 1 is at once seen to be,the greatest factor common 
to both. 

(5.) Dividing by 3a?, the second expression gives 4*— 16= 
(a; 2 + 4) (a; 2 — 4), and the first may be put in the form, 
2 a? 2 (a? 2 — 4) — 3 (a? 2 — 4), consequently the greatest common 
factor is x 2 — 4. . Fr^m the work of the foregoing examples, 
it is evident that it is always desirable, unless the pro- 
posed expressions are very favourable for the operation, to 
dispense with the process by the rule, and to endeavour to 
.accomplish the object of that process by simpler means. 
Instances are given above where the expressions may be so 
transformed as to exhibit the factor common to both with 
but little trouble : and the example next following will suggest 
to the learner another expedient that may often be applied 
with advantage. 

[6.] The first expression here is, (a? 4 — 4 a? 8 + 4* 2 ) + 
(4a; 2 - 16a?+.16); that is, (a*-2a;) 2 + (2aT-4) 2 ^(a?-2) 2 + 
4(a? T 2) 2 = (a? 2 + 4)(* — 2) 2 . Consequently, if the two ex- 
pressions have a factor in common, the second must be 
divisible either by x 2 + 4, or by a?— .2; probably even by 
(x — 2) 2 . Now, without putting this to the test, as respects 
the factor a? 2 + 4, a glance at the second expression shows 
that no factor combined with this can produce that expres- 
sion: for, to bring —12a? into the product of both, the ' 
second factor must obviously contain the term — 3 a;; so that 
the term in the product involving a? 8 would be -^3 x 3 ; 
whereas it ought to be — 6a? s . The factor x 2 + 4 cannot, 
therefore, be common to both expressions: but the factor 
x — 2 is common to both ; inasmuch as the second becomes 
0, for a; =2. (See p. 55, Algebra.) It is worth while, therefore, 
to divide this second expression by (x — 2) 2 , or x 2 — 4 a; + 4, 
and this we shall do by the method of detached coefficients, 
so often used in the former part of this Key: should "there 
be a remainder, we shall then conclude 4hat x — 2 is the 
G. C. M. . ' 

d3 
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58 KEY. TO YOUNG'S ALGEBKA. 

1_ 4 + 4)1 -6 + 13 -12 + 4(1 -2 + 1 
1-4+ 4 
-2 +9-12 
_2 +8- 8 



1-4 + 4 
1-4 + 4 

As there is no remainder, we at once infer that (#— 2) 2 is 
the G. C. M. 



folio 



LEAST COMMON MULTIPLE. 

Page 97. 

[1.] The proposed expressions are, * 8 + 1 and (ar+ 1) 2 . We 
know that the former is divisible by a?+ 1 (Algebra, page 
57) ; and as it is not divisible by this oftener than once, we 
conclude that x + 1 is the G. C. M. of the two expressions, 
and that the product of both divided by x + 1 is (x s + 1) 
(*+ l) = s* + * r +* + 1, the L. C. M. 

. [2.] Each of these expressions is divisible by x — y, but 
by no other factor ; and «the product of the two divided by 
# — y.is (x* — y s )(x + y)=* 4 + x*y — xy*—y\ the L. C. M. 

J 3.] These expressions may evidently be written in the 
owing forms, namely : 

*«{*«- iy+ (**-i), 

2*(**-l)-(**-l) «y[=(2*-l)(* 2 -l)]; 
go that **— 1 is their G. C. M. ; consequently 
(2*»+**-2*-l)(2*-l) = 4**-5* 2 + l, the L.<3. M. 

[4.] The G. C. M. of the first two of these is evidently 
x — 1, and thai of the last two of— 2; so that the product 
of all is to be divided by (* — 1) (x — 2) ; or rather, the 
factors x — 1, x — 2, are to be suppressed : we thus have 
(**- 1)(* 2 - 4) = **-5* 2 + 4, the L. C. M. 

In fin/K n <» ♦*»« ««^"«t of these two factors, the learner 
pon the principle at page 44 of the 

ire, 3x(x — a), 4*(x + a), 5(x 2 — a 2 ), 
the L. C. M. is, S.±5x(xS-a*)= 
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SIMPLE EQUATIONS. - 59 

SIMPLE EQUATIONS: 
Clearing Fractions. — Pagb J06. 

[1.] Applying the rule for reducing fractions to a common 
denominator, but omitting the denominator which equally 
divides all, we have, 

2*x7x2x5 = 140* \ Consequently, writing these 
-5*x3x2x5 = - 150* V results in order, the equation, 
1x7x3x2x5= 210 J cleared of fractions, is: 
4x3x7x2x5= 840 ) • * 

- 3* x 3 x 7 X 5 = - 315* I "SS-lft'iS 
* X 3x7x2= 42*j . =840-315*+42*. 

[2.] Multiplying each numerator by the product of the 
denominators of all the other fractions, we have, 

15(*-1) +10(2*-5) = 120*-6(*-2); 
or 15*- 15 4- 20* -50 =120*- 6* +12. 

[3] d(ax— 6) + 2cd=c(6*— c)— Scd; or ad*— 6d+2cd= 
hex — c 2 — Zed. 

[4.] Here the denominators are removed by multiplying 
each side of the equation by 20, the least common multiple 
of the denominators : the result is, 

4(2 - 3*) - 2(* + 3) =60 + 2*- 1 ; 
or 8— 12* — 2*— 6 = 60 + 2*— 1. 

[5.] The least common multiple of the denominators is 
evidently 46c 2 , therefore multiplying by this, the equation 
becomes 4 c 2 * — 6c*+ 86* = 206c* — 36c 2 . 

[6.] The least common multiple of the denominators is 
24*, as is obvious; therefore, multiplying \>y this, the equa- 
tion cleared of fractions is 192 -f 56 — 48*= 18 — 3 + 4*. 

[7.] Applying the rule for the common denominator, we 
have, 3(*-f 3) — 14(*- 1)+21=0; or 3*+9-14* + 
14 + 21=P.. 

[8.] Multiplying by 12, the least common multiple of 2, 
3, 4, we have4(a — £) + 6(* - £) = 27; or 4* — 2 + 6*— 
2=27. 
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Removing Radical Signs. — Page 108. 



[1.] Transposi»g, 4 = v /3 + 2ar; squaring, 16 = 3 + 2oP. 

[2.] Squaring," a? + 2 -/* + 1 = 6 + *; 
transposing, 2 ^/ a? *= 5 ; therefore, squaring, 4 a? = 25. 

[3.] Cubing, a: + 2 = 3* — 5. 

[4.] Squaring, a?- 3 = ,/(* 2 — 3a? + 4); 
and squaring again, a? 2 —0a? + 9 =,* 2 — 3a? 4- 4. 

[5.] Transposing, </(a? + a) = $/(a? 2 + 6a? + c); 
raising each side to the power 2», 

(a? + a) 2 = a? 2 + 6a? + c ; or a? 2 + 2aa? + a 2 = a? 2 + 6a? + c. 

It is plain that the nth power of the firet member is a? + a, • 
and as the 2 nth power is the nth power squared, the result 
must be as here stated. 

[6.] Transposing, S(x + a)=z V(a? — y/ P + a? 2 ); 
squaring, a?-h« = " a? — y/6 2 + a? 2 ; 

transposing, v /6 2 + a? 2 = — a 
squaring, 6 2 + a? 2 = a 2 . 



.a 



Solution of Simple Equations: First Set. 
Page 114. 

1.] Traiisposing, 8a? — 5* = 12 + 3; that is, 3a?=15; 
Tiding each side by 3, we have, a? = 5. 

[2.] Removing the vinculum, 3 a? — 3 + 2 = 5x — 7 ; 
transposing, — 3 + 2 + 7 = 5a? — 3a?, .\6== 2x f .•,*== 3. 

[3.] Removmg vincula, 2a? + G — 6==6 — 12a? + 92; 
transposing, 2a? + 12a? =6 + 92; that is, 14a? = 98, .-. a? = 7. 

[4.] Removing vincula, 14ar — 6a? + 10 = 3a? + 30; 
transposing, 14a? — 6 * — 3a? =$0 — 10; 
that'is, 5x = 20, .\a? = 4. 
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SIMPLE EQUATIONS. 61 

[5.] 'Removing vincula, 6a? + 8 — 6a? + 3 + 1 = 3a? — 15 ; 
transposing, 8 + 3 + 1 + 15 = 3a?, that is, 27 = 3a?, ,\ a? = 9. 

[6.] 20a:- 12 - 18a? + 3 = 2- 14a: + 6a?; 

transposing, 20a? - 18a? + 14a?— 6a? =2 + 12 — 3, 
that is, by collecting, 10a? =11, .'.a? = \% = 1 -j^. 

[7.] 6-4a?+15a?-30 = 18a?-3 + 8; 

transposing, — 4a? + 15a? — 18a?= — 3 + 8 — 6 + 30/ 
that is, — 7a?=29, .\a?= — %j> = — 4|. 

[8.] Bytheorem3,page44,Algebra,a? 2 +a?— 2=a?2+2a?— 15, 
expunging a; 2 , and transposing, 15 — 2 = 2a? — a?, .\ a? = 13. 

[9.] By actually multiplying, 

12a? 2 -13a?+3 = 12a? 2 +16a:-35; 
expunging 12a? 2 , and transposing, 35 + 3 = 16a? + 13a?; 
that is, 38 = 29 x, .\a? = f$ = 1-&. 

[10.1 Transposing, (a — c)x= d — 6, .\ x = * 

a — c 

[11.] By theorem 3, page 44, a? 2 + 2a?— 15 = a? 2 +4a?+4, 
expunging a? 2 , and transposing, 2x — 4a? = 4 + 15*; 
that is, — 2a?= 19, .-;a?= — ^ = — 94. 

a 2 — 6 2 
[12.] Transposing^ (a— 6)a?=a 2 — 6 2 , .\a? = — — = «+&. 

[13.] 3a-3a? + 2 = 10a?-5a, 

transposing, 3a + 5a -f 2 = 10a?-f 3a?; 

that is, 8a + 2 = 13a?,.\a? = 1 k(8a + 2)=.&(4a+/L). 

[14.] ax — ab 2 =:cx + cb, .\ 

transposing, (a — c)a? = (a& + c)6, .•. a? = * — . 

[15.] By theorem 3, page 44, a? 2 +(a+6)a?+a6— o5— a=a? 2 ; 
that is, (a+b)xz=za, /. a?= = • 

[16] By theorem 3, page 44, 

a? 2 + 34 a? +168 -a? 2 - 42a?- 152=0; 
transposing, 168 — 152 = 4Sa?— 34a?; 
that is, 16 = 8a?, ,\a?=l. 
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Second Set. — Pages 114,115. 

[17.] Multiplying by 4, 4a?— 6a? = a?— 12, .\ — 2a?=a>— 12.; 
transposing, 12 = 3a?, .: a? = 4. 

[18.] 9a?- 30a? + 8 = 24*— 18, .\-21a? + 8 = 24a?-18; 
transposing, 18 + 8 = 24a? + 21a?, .\26 = 45a?, ,\a? = £$. 

[19.] * 2(2a? + l) + 40 = 5(3a?-l)-30 
or 4a? + 2 + 40 = 15a? — 5 — 30; 
transposing, 2 + 40 + 5 + 30 « 15ai— 4a? ; 
that is, 77 = 11a?, .\a? = 7. 

[20.] 6a?- 10a?- 110 + 15a? = 0, .-. 11«= 110, .\ a?= 10. 

[21.]52a?-26-33a?+55=:143,.-.52s-33a?=143+26-55; 
that is, 19a? = 114,.\a?=6. 

[22.] Multiplying by 12, 6a?-|-4a?= 84 + 3ar; 
transposing, 6a? + 4a? — 3a? = 84, ,\ 7a?=84, .-. a?=12. 

[23.] Multiplying by 6. 3a?— 9 + 4a?+2 + 36=a?-18a?+18j 
transposing, 3a? + 4a? — a? + 18a? = 18 + 9 — 2— 36; 

that is, 24a?= — 11, .\a?=— £±. 

[24] 15a?- 5 = 20a? -8a? + 4,.-. 

transposing, 15a? — 20a? + 8a? = 4 -f 5; 
that is, 3a? = 9 .\a? = 3. 

[25.] Multiplying by 20, 
10a?+30 + 20 + 4a?— 3a>+l=0; 
transposing, 10a? -f 4a? — 3a?= — 30 — 20— 1; 
that is, lla? = 51, .-. a?= -fJ-= — 4^. 

[26.] 63a? + 49-14a?*+2a?-4 = 504; 
transposing, 63a? — 14 a? + 2a? = 504 — 49 + 4 ; 

that is, 5 1 a? = 459, .\ a? = 9. 

[27.] bcdx — acdx=zabdx — abcx, 

.-. (abc.+ bed — acd — abd)x=z0, ,\a? = 0. 

• The learner will perceive that we are justified here in 
inferring that a?=0, provided the co-efficient of a? is anything, 
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for if two factors multiplied together produce 0, one of them 
at least must itself be 0. # 

|28. 1 rt — = = is obviously the same as 

L J a? + 2 a? — 1 a?— 2 J 

3 a? 
a? — 2 — (a? + 1) = ^ ; so that multiplying by a? — 2 to 

a? — ^ 

clear the fraction, we have a; 2 — 4a? + 4 — a? 2 + a? -J- 2 = 3a? ; 
that is, by transposing, 4 + 2=s3af+4a?— a?; or 6= 6a?, ,\a?=l. 

2a; 
[29.] Multiplying by y«, *-2= -s , .\S*— 6=2a?, .\a?=6. 

[30.] Multiplying by a 2 — a? 2 , the L. C. M. of the denomi- 
nators, we have 1 — a 8 + ax 2 = ax(a + a?) + a(a ■— a?) ; 
that is, 1 — a s +**a: 2 = a 2 a? + aa? 2 4-a 2 — aa?; 
and transposing, 

1— a 3 — a 2 = a 2 a? — aaj=(a 2 — a)a?, /.«? = 5 • 

v ' a 2 — a 

[31.] Multiplying by 5x3, or 15, the L. C. M. of the 
denominators, we have 51 — 9a? '— 20a? — 10 = 145 — 55x; 
transposing, 55a? — 9 a? — 20s = 145 — 51 + 10; 
that* is, 26 a? = 104, .\ a? = 4. 

[32.] Multiplying by 4 a? (a? -+• 2), we have 

8a? + x\x + 2) = (a? 2 + 1)(* + 2), 
that is, by subtracting x 2 (x + 2) from each side, 
8a?=a? + 2, .\7a?=2, .\a? = f 

• # [33.] Multiplying by 60, the L. C. M. of the denominators, 
we have 30a; + 20a? + 15a? +. 12a?= 10a? + 2220 ; 

.v77a? — 10a? = 2220; that is, 67 a? =2220, 
.-.a; = *£^ = 33^. 

[34.] Multiplying by IPX 8, 

88a?-12a? + f(a?— 4)-8-V* + 22 = 19x88; 
that is, 76a? + f (a? -4)-^* = 19x88 -14 = 1658. 
Multiplying now by 4 x 5, we have 

1520a? + 32a?- 128 - 165a? = 33160; 
or transposing and collecting, 

1387a? = 33288, .% a? = *££#» = 24. 
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[35.] Multiplying first by 4, the equation becomes 
♦4^+3 43-1-4* , . x . 4* 129-12* A 

-3 3|~ =1 ^ that ^t n— = °' 

the terms of the second fraction being multiplied by 3. 

Clearing fractions, by the common rule, 
44* — 387 + 36* = 0; 
transposing, 80* = 387, .\ * = *ffl = 4 £$. 

[36.] By theorem 1, page 44, Algebra, 

- /*•--« = tK*\/5 — 3) = 1, .'.the equation is, 

* v /5-3-£(* v / 5-3) = l; that is, |(* -/« — 3) = 1, 

.\*v/5 — 3 = 2, .\* v >'5 = 5, .-.*=-— = ^5. 

[37.] Multiplying by 22, to hare, 

y{3*-3--|*} + 2-$*=24 + 3*— £; 
that is, by transposing, &o. y (£*^- 3 ) — $ * = 22 — $ ; 
or, multiplying by 10, 55(%x — 3) — 12 * =220 — 8 = 212, 
.•. multiplying by 3, 55(7*— 9) — 36* = 636; 
that is, 885* — 36* = 636 + 495, 

* .-. 349*=1131, .-.*=SW=3^. 

[38.] Multiplying by 30, the L. C. M. of the denominators, 
12* 2 -6*-18-3 = 2(2*-l)(3* + 2) 
= 12* 2 +2*-4; 
that is,— 6*— 21 = 2*-4, ,\ -17=8*,.-. *=-y = - 2£. 

[39.] This equation is the same as 

* a # a x 

that is, by cancelling equal terms on both sides, 
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Third Set.— Pages 115, 116. 

[40.] Transposiiig, </($x+x*) = 1 — a?; 

squaring, 2a?+s 2 =l— 2a:+a! 2 ; .\ 4a?=l, .\ *=j. 

[41.] Transposing, ^(3 + 4*) = 2ar+l ; 
.-. '3+4a?=4* 2 +4a?+l; .\4s 2 = 2j .-. «« = i; .-. 3?=*/$. 
[42.] -/(a+*)=^-a;.'.a+a?=(ft-o) 2 ; .\ a?=(6-«)*-a. 
[43.] By squaring, a? + 7=ra? + 2ya?+lj 

transposing/ 6 = 2^*; .'. v'* 31 **; .'. * = 9. 

[44.] Transposing, y^(4ar+ 9) = 2 ^* + 1 ; 

squaring, 4ar+9 = 4a? + t*/x + 1; 

.-. 8 =4ty/x, .-. </*=2* .'. ar=4. 

[45.] Transposing^ */(* + 8)= y(a? — 3) + 1 ; 

squaring, z + 8 = a? — 3 + 2 v / («— 3) + 1 ; 

.-. transposing, . 10 =2 -/(*— 3); .-. 5s= -/(a:— 3); 

squaring, 25=* — 3; .'.a? = 28. 

[46.] Transposing, V(a:-7) = 13 - </{x + 6); 

squaring, a: — 7 =169 — 26^0* + 6) + a:+ 6; 

* transposing,26-/(a?+6^= 182; \\ </(* + 6) = 7; 

squaring, a? + 6 = 49 ; .\ a? = 43. 

[47.] Transposing, </(2ax + \x*) = 2a — £a? ; 

squaring, 2ax+ \x 2 = 4 a 2 — 2aa? + ^a: 2 ; 

transposing, 4 aa? = 4 a 2 ; ,\ x = a. 

[48.] Multiplying by VT* + 1)> *ke equation becomes . 
a>+l + v / (* 2 -l) = 2; /. -/(s 2 -l) = l--*; 
squaring, a?— 1 =(1— a?) 2 = l — 2x'+x*, .-. 2*=2, .\a?=l. 

[49.] Squaring, a + * — 2 -/(a* + x 2 ) + a: = 6; 
transposing, 2 >/(«# -f a; 2 ) = 2a? -f a — 6 ; 
squaring, 4(aa? + a? 2 ) = 4a? 2 +4(a— 6)a? + (a— 6) 2 ; 

transposing, 46a? = (a — 6) 2 ; .\ a? = - ' • 

[50.] Multiplying by </(a + a;), we have 
i/(ax + x 2 ) + a + x=z2a; .-; y^aa: + a? 2 ) = a — a?; 

squaring, a* + a? 2 = a 2 — 2 aa? -far 2 j .\3aa? = a 2 ; .'.*==• 
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[51.] Squaring, a + a? + 2 */(a 2 — x 2 ) + a — x = ax; 
that is, 2 is/ (a 2 — a? 2 ) = aa? — 2a; 
squaring, 4(a 2 — -a? 2 ) = a 2 a? 2 — -4a 2 a?-f 4a 2 ; 
.\ -4a? 2 = a 2 a? 2 — 4a 2 a?;.\ — 4a? = a 2 a?— 4a 2 ; 

,.4a 2 = (a 2 + 4),;,., = a ^. 

[52.] Squaring, J±* + 2 + ^ _ a 2 ; 

A , . . 3a?-l t a?-l ' ' 

that is, = + — -r = a 2 ; 

^ a:— 1 a?+l * 

clearing, (a? + l)(3a?- 1) + (a? - l) 2 =a 2 (a? 2 — 1); 
that is, 4* 2 = a 2 * 2 -a 2 ;.\a 2 = (a 2 -4)ff 2 ; 



a 2 -4' -/(a 2 -4) 

'[53.] Squaring,i + l-.2(i~l)i + l-l = l; 

thatis, -2(2 -1)* = 1+|; 

or, multiplying by x, — 2 (1 — a? 2 )* = x + 2; j» 

squaring, 4(1 — a; 2 ) = a? 2 + 4a? + 4; 

4. 
transposing, == 5 a? 2 — 4 a? ; ,\ 5a? — 4 = 0; s\ «=-. 

o 

[54.] Squaring, 4 -f- x^/(x 2 — 1) rr a? 2 — 4a? + 4 ; 
.-. v/(a? 2 -l) = a?-4; .-. a? 2 - 1 =a? 2 -8a?+*16; 
.-. 8*= 17; .-.a? = 2J. 

[5^ Raising each side to the power 2 m, 

(a + aj) 2 = a? 2 + 5aa? + & 2 ; 

that is, a 2 -f 2aa? -f a? 2 = a? 2 + 5aa? -f- ft 2 ; 

* 10 o a 2 — 6 2 
.'. a 2 — 6 2 = 3aa?; .•.«=—= • 

' 3a 

[56.] Transposing and squaring, 

a 2 — a? -/(a? 2 + a 2 ) = a 2 — 2aa? + a? 2 ; 
. .-. -x< s /(x 2 +a*S = x*-2ax;.: - </(** + a*) = a; -2a; 
squaring^ a? 2 -f a 2 = a? 2 — 4aa? + 4a 2 ; 

.*. 4a# = 3a 2 ; ,\ x = -r- • 
4 
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[57.] Multiplying by 2, 2a?</(3 + 2a: 2 ) = 3 + 2a? 2 ; 

dividing by */(3 + 2a? 2 ), 2a? = -/(3 + 2a: 2 ) ; 

squaring, 4a? 2 = 3 + 2a? 2 ; .\ 2a? 2 *=3; .-. a?= i/^. 

ft 2 
[58.] Squaring, ax— a? s= ft 2 — a 2 ; .♦. aa: = ft 2 ; .\ a? =— • 

[59.] Multiplying by </z, a? ^(6 — a? 2 ) = 3 + a; 2 ; 

squaring, a? 2 (6 — a? 2 ) as 9 + 6a? 2 +a? 4 ; 

.-. - 9 = 2x*;. .-. a? 4 = -4$; . .-. a? = ^— 4$. 

[60.] By the principle at p. 113, Algebra, 
U + * */& + ! 



i/s- 



squaring, 



a + a- 6 + 2^6 + 1 



a— a? 6 — 2</ft+l' 
\\ (a-fa?)(6-.2v / 6+l)=(tf-.a?)(6+2^+l)^ 
transposing, 2(ft + l)a? = 4ay / ft^ .'. a? = . . . 

[61.] Multiplying by 6, to clear fractions, 
4* v/(3 + 2a? 2 ) = 3 +-4a? V2; 
squaring, 16a? 2 (3 + 2a? 2 ) = 9 + 24a?V2 + 32a:*; 
.-. 48a? 2 = 9 + 24a?V2; .-. 4(12-6*/2)* 2 = 9; 

g _ 9 . _ 3 

'•* ~ 4(12-6^/2)' •• a? "2 v /(12-6v / 2)' 



[62.] Squaring, 
a 2 -a? 2 + 2a: v /{(a 2 -a? 2 )(a 2 - 1)} + (a 1 -.l)*'-Ba'(l-*s); 
transposing, 2a? -/{(a 2 — a? 2 )^ 2 — 1)} = 2a? 2 — 2a 2 * 2 ; 
... ^((a»-««)(a 1 -l)}s=(l-a«)«L 
Or, dividing by a 2 — 1, 



v 



a* 

— a?: 



a 2 -l 

ci *■ "• a? 
squaring, ~j--r = * 2 ; .\ a 2 — a? 2 ss (a 2 — l)a? 2 ; 

.-. a 2 = a 2 a? 2 ; .-. a? 2 = l; .-. a? = ±1. (See p. 65, Algebra.) 
It is x i= — 1 that satisfies the original equation. 
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A good opportunity offers here to draw the attention of 
the learner to the fact, that when the proposed is an irrational 
equation, that is, an equation in which the unknown quantity 
is under the radical sign, the resulting values of that unknown 
quantity, as derivable from the rational equation deduced 
from the given one, will not all of them necessarily satisfy 
the original equation. It is not to be expected that such 
should be the case, because, in clearing the rascals, the 
rational equation obtained remains the same, whether those 
radicals have a plus sign or a minus sign ; so that the results 
necessarily satisfy the proposed equation only, when the 
radicals in it are unrestricted as to sign. In the equation 
solved above, the radicals are assumed to be plus: after 
squaring, the radical in the second term, being united to the 
preceding term by -f- , is regarded as positive, although the 
equation a 2 — as 2 =(a 2 — l)* 2 would equally be the result if 
the sign were negative; and it is this equation which is 
ultimately solved. It is in consequence of the restriction in 
the original equation, thus inoperative in the equation 
actually solved, that the number of solutions admissible into 
the former equation is often limited, though they all apply 
without limitation to the latter. The values *=±1 both 
satisfy the rational equation solved; but only x— — 1 satisfies 
the irrational equation at the commencement of the work. 

[63.] Adding 1 to each side we have, 

a -+- x 
.\ = b; ,'.a + « = a6; .\ x =r a(6 — 1). 

[64.] Multiplying by the denominator, 

81^3 = (4V*-v/3)8; 
taking the cube root of each side, 3 </3 = 4-/«— </$; 
.-.4^3=4%/*; .-• \/*= ^3; .\* = 3. 

[65.] Adding 1 to each side, the equation becomes 

n -A_. = a + l ; thatifl, (r ^- 2 = « + l; 



a+1'" -/(i+l)'""- 1 y(a+l)* 
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a* ., , (a-x)* 1 



[66.] Squaring -^-^ =6*;.-.-^-^ + 1 = 6* + t 



thati8 ' £=3* = * , + 1;or ' -^- = P+T ; 

and taking the square root, 

"-i-'-VnTV*— 0-VpT1>- 

[67.] This equation is, «• + -, = *»— 2 + -^-f -/a?; 

.•.2 = y«j .-.'« = 4. 

[68.] Multiplying by </(a + *) we have, 

^/(<mM- # 2 ) + * + #= a 2 + a ; 
.'. -/(a# + a? 2 ) = a 2 -tf; .-. a* + ** = a 4 -2a** + * 2 ; 

a? 
.\(2a + l)a* = a«; ... a?==2 — ^ . 

[69.] By the principle at page 113, Algebra, we get 
a 1 + 6* 



squaring, 






X X 



.2 



or, inverting the terms of each fraction, 

2a 1 

---2 / l_6« x »_ 



"^5- 



A1 + 6W ' 



subtract now each side from 1, and there results 
2 2 « J . 1 
^ 1 -V.T+P/ -U + 6«/' 
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taking the square root of each side, 
_1 

x 2b ax — 1 



a • 1+6 2 ax * 
.\2a&* = a(l+& 2 )*-( 1 +* a )> 
,.a{2b-(l+b*)}x = -(l+b*); .,* = _|_±^. 

[70.] This equation is, 1 + v^as-* 2 ) = ft . 



a—x 



2ax — x 2 ,. - XQ 
BquanDg> (a-*) 2 = ( 6 - l ) J 

2 

adding 1 to each side, j ^ = (b — 1)* + 1 ; 

and extracting the square root, we have 
-^=y{(6-l) s + l};.'.a=(a-*) v /{(6-l)» + l}; 

.•. g =a(i-y (6 _ 1 1 )a+1 ). 

[71.] By the principle at page 113, Algebra, 
</(2x + x*) __3 2 x + x* _ 9 
1+* ""5 ;/ '(l+a?)2-'3S ; 
subtracting each side from 1, we have 

1 16 1 _4 . 1 



Application of Simple Equations with one unknown Quan- 
tity to the Solution op Questions. — Page 124. 

[1.] Let * represent the number ; then the double' of it, 
diminished by 3, is expressed by 2x — 3; and the number 
itself increased by 8, by x + 8 ; we therefore have the equa- 
tion, 2a? — 3 = # + 8; .*. transposing, = 8 + 3 = 11. 
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[2.] Let x be the number ; then by the question, 

a? 
2x— -=z 30, er clearing the fraction, 6a? — x = 90 ; 
o 

,\5a?=90; .\a?=18. 

We might have avoided the fraction thus : 
let 3 # be the number; then by the question, ' 

Qx — a? = 30; .\5a? = 30; .\a?=6; .\3a?=18. 

.[3.] Let a? be the number ; then by the question, 

^ — 2 = 6, or clearing fractions, 4a? — 3a?= 72; 

that is, = 72. 

Fractions might have been avoided thus: 
let 12 a? be the number ; then by the question, 

4a? — 3a? = 6; that is, a? = 6; . -.120 = 72. 

[4.] Suppose they meet in x days ; then by the question, 
on,e has travelled 16a; miles and the other 18a?; and since these 
distances make up the whole 204 miles, we have the equation, 

16a? + 18a? = 204; that is, 34 x =204; .\a? = Vtf = 6, 
the number of days. 

[5.] Suppose the first has. travelled x miles; then the 
second must have travelled 153 — x miles ; and as the time 
occupied by each is the same, there must be as many times 4 
miles in x miles as there are 3£ miles in 153— * miles : hence 
we have the equation, 

x 153 — x x 306 — 2a? 
4-~3j"~ ;0r 4- 7 5 ~ 
clearing fractions, 7 x =1224 — 8a?; /. 15a?=1224 ; 

.•.a?=iffi = ^ = 81|; .-.153-a?=71£; 

, consequently the first has travelled 81$ miles, and the second 

•71f miles. 

dtherurise, suppose they meet in x hours, travelling at the 

rate of 4 miles and 3£ miles an hour respectively, then the 

7a? 
first will have travelled 4 a? miles, and- the second -g- miles : 

A 
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hence, by the question, 

4* + ^=153; .\8* + 7*=306, or 15*=306; 

. •. * = ^ = J-p = the number of hours at 4 .miles an hour : 
consequently the distance travelled by the first must be 
-ML*x4=4£fe=8l£ miles, and .-. 153-81£ = 7l£, the 
number of miles travelled by the second. 

[6.] Let * be the number ; then by the question, 

^-+ 2=^-2; or, multiplying by 12, 9* +24= 10*- 24; 

transposing, 48 = *, the number required. 

Fractions might have been avoided thus : 
let 12* be the number; then by the question, 

9* + 2 = 10* — 2; .\ 4 = *; .\ 12* = 48. 

[7.] Suppose the third receives * pounds, 
then the second receives * + 10 
and the first, " x -f 18 

.\3*T28 = 110; 
transposing, 3*=* 110 -28 = 82; .\£*=£^=£27 6*.8&., 
the share of the third; .*. the share of the second is £37 6*. Sd. ; 
and that of the first, £45 6«. Sd. ' 

[8.] Suppose the third receives * pounds ; then 
the second receives 2x 
and the first, 4* 

Tv7*= 700; .-.ass 100; 
hencethe third receives £100, the second £200, and the first 
£400. V 

[9.] Suppose G receives x pounds; then 
B receives 3* • 

and A receives 6* 

.-. 10* =143 ;.-.£*=£!# =£14 6s; 
hence C receives £14 6*. B, £42 18*. and A, £85 16*. • 

[10.] Suppose the third part is * feet; then 

the second part must be * + 5 m ' 

and the first, * + 2 

.\3*+ 7=37;.-. 3*=30 ;.-.*= 10; 
hence the third part is 10 feet, the second 15 feet, and the 
first 12 feet. 



Digitized by 



Google 



SIMPLE EQUATIONS. 78 

[ll^Let the legs number be x, then a? + 6 is the greater; 

,, , . a? a? + 6 a? + 6 a? 
and by the question, * + — ^— = — ^ ; 

multiplying by 15 to clear fractions, 

5x + 3a? + 18 = 5x + 30 — 3a?; 
transposing, 6a; = 30 — 18 *= 12; .-. a? = 2; .\ a?-|-6 = 8; 
hence the numbers are 2 and 8. 

[12.] Suppose B can do it in x days, then he can do 

- of it in 1 day; also A can do £ of it in 1 day; and since 

A and B together can do £ of it in 1 day, it follows that 
£ — -^ is the part B alone can do in one day : but this part 

is also ~; therefore 
ar 

so that B alone can do it in 18 days. 

[13.} SupposAhey march x hours, then the first detach- 
ment, must have marphed x + 2 hours; the distance marched . 
by the second detachment, at 3^ or £ miles an tour, is 

7a? 
therefore 5-; and the distance marched by the first, at 2 1 or 

\ miles an hour, is -±-= — - : but these distances are .the 
same; therefore 
7x _ 5M 2 ) ; #% 7m _ 6x + 10 . m . 9 2x _ 10; ..x <= 5; 

hence the second detachment marched 6 hours, the dis- . 

,. 7 + 5. 35 1(ri • 
tance being g ■ = -^ = 17$ miles. . 

[14.] Suppose he had a? shillings at first, then after his 

♦ 4a? * 4a? 

he had -=-, and winning 10*. he had — 10; as 
• o , . +■ 

B 
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he tnen lost £ of this, he had f of it left, wfcich, with "the 
3*. won, made his number of shillings - ( — + 10) + 3, 
which, by the question, amounted to 63 shillings; 

,.j#+ »>,.«, ,.jc/+»)J«, 

.-. 2( 4 ^ + 10) = 180, that is *j + 20 =180; 

.% 8 ^ = 160; .\ 8a; = 800; .-. *= 100; 

hence he began with 100a. or £5. 

Otherwise, suppose he had 5* shillings at first, then he 
lost * shillings ; so that, after winning 10a., his number of 
shillings was 4**+ 10: of this sum he had afterwards but 
|ds and 3a., which by the question was 63a. ; 

.\ |(4* +10) +.3 = 63; .\ |(4* + 10) = 60; 
.\ 8* + 20 =180; .-. 8*= 160; .-. * = 20; .\ 5* =100, 
the number of shillings he began with. 

[J 5,]JLiet x be the number of days, then as ^ths of the 
stock had been consumed in the nine days, only ^f ths of it 
remained for the 750 men ; hence the allowance for one man 
for one day must have been -JJ -=- 750*; but by the question, 
the allowance for one man per day was srhisji °^ *be wn °l e > 
therefore,, 

W0=25^'-\ 25X75 °*= 16X25000J 
.-. 75* = 1600 ; .-. 15 * = 320; .\ * = 21 J, the number of 
days. This question might have been easily solved by the 
Ride of Three. 

[16.] Let * represent the number of pounds in A's debt, 
then B$ was 6(5 — *, and C's 80 — *; consequently Bb and 
C* together was 140 — 2* = 92 by the question; 

.-. 48 = 2*; .-. * = 24; A 

hence A 9 s debt was £24, £'a £36, and CY£g6. w 
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[17.] Let x be the number 6f sheep, then — must be 

x 
the number of acres ploughed, and - the number for pas- 

turage; consequently by the question, 

ll) + i = 700; •"' 2 * + 5 ** s 14000 V" x - 20oa 

[18.] Suppose he takes -th of a gallon of the first, then 
x 

he must take 1 of a gallon of the second. The value 

20 
of the first portion is — shillings; and that of the second 

portion, 12 f 1 — j shillings: but the value of both portions 
together is, by the question, 14*. ; therefore 

20 12 8 

- + 12 = 14;..\- = 2; .\ 8 = 2a?; .\a?=4; 

X ■ X x 

consequently he must take \ of the first, and .*. J of the 
second. 



[19.] Let x represent the income, then by the question, 

. 4a? • 4a? 

A spends — , and B spends — + 80, yearly; consequently 
o o 

in 4 years B spends — =- + 320; while .the income for 4 
o 

years is 4 x ; hence by the question, 

iJ*+320 = 4* + 220^ .-. I|?-4*=-100; 
o o 

J?AA 

.\ 16a?- 20* =-500; .-. * = -^- = 125; 

consequently the income is £125; A 9 8 expenditure is 

£ 4x±f? =ss£4x2 5 =s ^ioO, and Bt, £180. 
5 e 2 
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[20.] Let the first part be #, then since this, increased by 5, 
is equal to the second diminished by 4, it follows that the 
second must be x + 5 + 4 ; also, since a? + 5 is the third 

X \ R 
multiplied by 3, the third must be — — ; and the fourth 

• o 

must be 2 (a? + 5); hence the sum of the four parts is, 
x + x + 9 + X -~- + 2* + 10 = 116, by the question, 

that is, 4*+^±— — 97:.\ 12* + * + 5 = 291; 
o 

.-. 13* = 286; .\ *=^ =22, the first part; 

* + 5 
. .-. x + 9 <= 31, the second part; —5- =9, the third part; 

and 2 (a? -J- 5) = 54, the fourth part. 

[21.] Suppose the number of pence he gave to be x, then 

x x * 

the father had ^ + 1, when there was s — 1 left; 

the mother had £ ( o — 1 ) + 2, leaving 

and the children had i(^ — l)— 1 + 3; 

adding these together, the whole amount is 

3* 

multiplying by 4, -5 — '3 + 20=2*; 

.\ 17 = * ; .". * = 34, the number of pence; 

consequently he gave 2s. lOd. 

Otherwise, let 4* represent the number of pence, then 
the father had 2* + 1; .\ 2x — 1 wasleft ; 

the mother had * — £ + 2, leaving * — £ — 2; # 

and the children had £ (* — 4 ) — 1 + 3: 
the sum of these is 2* + f (* — 4) + 5 = 4*; 
.-.$(*-*) + 5 = 2*; .'. 3*-4 + 10 = 4*; 
,\* = 10 — 1= V ; .\ 4* =34, the number of pence. 
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[22.] Suppose B *and can finish the work in x days, 
then as B does twice as much as G, 3 a? must be the number 

of days that C alone could do it in; therefore ~- is the part 

of the whole done by in 1 day, and by the question, \ of 

the whole is what is done by A and G together in 1 day; .\ 

11 -2 

^ — — is the part done by A in 1 day; also — , being twice 

o ox . ox • 

the work of C, is what B does in 1 day; .\ A and B together 

in 1 day do 

. • §-rx + r* = B' bytheque8ti0n; 
* * • ill 

that*, 8 + 3i = 6 ; 

.-. multiplying by 24a;, 3# + 8 = 4a?; ,\ a?=8; 

consequently B and C together can do the work in 8 days. 

This question may be very readily solved in a different 
manner; thus, let A, B, G represent, not the workmen, but 
what they can accomplish in one day; then, since B = 2 O, 
we have by the first condition, for one day's work, 

A + 2G = i of the whole; 
and by the second, A + O = | „ 

and since B + C = 3(7, we have £ + (7=4, the part B and 
(7 can do in 1 day conjointly ; consequently they can do 8 
times as much, that is, the whole work, in 8 days; which is 
the answer. 

i23.] Lejb x be one" part, then a — a: is the other; and by 
question, x 2 + b = (a — x) 2 — b = a 2 — %ax + x 2 — b ; 

transposing; 2ax = a 2 -*26; .\ a? = ^-^ — , one part, 

, ' " a 2 -26 ^+26/, ,_ - 

and a — a: = a 5 — = _ — ,the otherpart. 

.2d 2a . 

[24.1 Let a; = the number of lb. of inferior sort, 
then 224 — a? = superior* sort. 
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and as 182 ft. of the former fill the cask, the portion of the 

cask occupied by * of these 5>. must be yjr;, also the portion 

224—* 
occupied by the 224 — * lb. must be — 9 , and the sum 

of these portions make up the whole, or 1 cask ; therefore 
x 224 —*_ 
182 + 130 ' 

clearing fractions,' 230* + 40768 — 182* = 41860 ; 
transposing, 48*= 1092; .\* = i£p = 22f ; 
.-. 224-* = 224-22£ = 201 J; 

hence there must be 22f lb. of the inferior sort, and 201 £ lb. 
of the superior sort. 

It may be remarked here that there is no other way in 
which a full cask could be made to weigh 2 cwt. ; so that the 
mixture here determined is not only the best, it is the only 
mixture that could be sent under the conditions. " If*, in- 
stead of denoting the number of lb. of the inferior, had 
represented those of the superior, the solution would have 
been as follows : 

* 224-* 
230 + 182 ' 

and clearing fractions, 

182* + 51520 -230* = 41860; 
.\96&0 = 48*;..\.*:s=iL§-{p = 201£, 
the number of ft>. of superior sort, as before. 

[^5.] Imitating the first solution above', we have the equa- 
tion, • 

a o 
clearing, bx + ac — ax — ab; ,:(b— a)**=a(6— c); 

. \ x = 4 , the number of ft>. of inferior: 

6(c— a) 
. .\ c — *= * , A . . . superior. 
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[26.] Suppose he takes * gallons at a shillings, then he 
must take d — * gallons at b shillings. 

The worth, of the former is ax shillings, and that of the 
latter b(d — x) shillings, and since the worth of the whole 
mixture is to be cd shillings, we have the equation, 

ax -f b(d —x) = cd, or ax + bd — bx = cd; 

c — b 

.". (a — &)**= (c — b)d; .\ x = j d, gallons of first ; 

a ^—O 

a — ■ c 

.\d — x=z -. d, gallons of second. 

a — o 

* 

[27.] Suppose his original stock was x pounds, then at the 
end of the first year his unexpended stock was a; — 50; and 
as this was increased one-third, he must have had 

o(# — 50) = 5 at the end of the first year. 

At the end of the second year, the unexpended portion of 

... 4*-200 rA 4*-350 .. . , . . 

this was 5 50= - , which being increased 

one-third, gives « (^ . ^ — - ) ipr the number of pounds at 

the end of the second year. The unexpended portion of this 

**v, a e+-L *v~i 16*— 1400 tn 16*— 1850 
at the end of the third year was, ^ 50 = 

which, being increased one-third, gives ^ ( ~ J for 

the number of pounds at the end of the third year, and this 
number, by the question, is 2 *. 



. 3V 



16-lWOj^. 



9 
or, multiplying by 27 and dividing by 2, 

32* -3700 = 27*; ,\5*=3700; .\* = 740; 
consequently the original stock was £740. 
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[28.1 Suppose they were engaged for x daya, then A 
worked x — 4 days, and 2? a?— 7 days; consequently the 

number of shillings the former earned per day was -: > 

a? — * 

4-8 
and. the number the latter earned was . The question 

states that x — 7 days, at the former rate of wages, is the 
same as a? — 4 days at the latter rate; therefore 

a7r- 4 (*- 7 )=*— 7 (*- 4 )> OT ^4('- 7 )-iZ7(*- 4 >' < 

clearing'fractions, 25 (a? — 7)* = 16 (a? — 4) 2 ; 

therefore, taking the square roofof each side, 

5(a?-7) = 4(a?-4), or 5a?- 35 = 4a? -16; .\a?=19; 

consequently they were engaged for 19 days. 

A worked x — 4 days, = 15 days; B worked a; — 7 
days, =12 days; A received -ff*. = 5b. per day; and 
B £§«. = 4*. per day. 

[29.] Suppose the first commenced with x pounds, then 
at the end of the 1st year he had 2a?— 100 ; 
at the end of the 2d year he had 4a?— 200— 100 = 4a?— 300; 
at the end of the 3d year he had 8 a?— 600— 100=, 8a?— 700; 
consequently, by the question, 8 a? — 700 = 2a? ; 

.-. 6a? = 700; .-. £x = £l%* = £116 13«. id. • 

But in the case of the other trader, the equation is 

8a;- 700 = 5; .-. 16*- 1400 = x; 

.\ 15a; = 1400; .-. £* = £-4^ =£93 6«. 8<*.; 

consequently one commenced with £116 13*. 4d, and t\& 
other with £93 6«. 84 

[30.] Suppose the work has been in hand*a? days, then as 
the first two labourers can do \ and •} respectively of the 

whole work jn a day, in x days they do together r + - ; also, 
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, a?— 1 
since the third labourer can do ^ in a day, he does -r^p in 

the x — \ dajB he remains. The question states that the 
sum of all these portions of work is £ of the whole : therefore, 

x x x — l 4 

4 + 7 + ~W -5' 

or, multiplying by 10, — + - — + a? — 1 = 8; 

thatis, ~ +^=9; .-. 49* + 20a? =126; 

.-.69* =126; .-.* = W = 1 Hi 
consequently the work had been in hand lj$ days. 

[31.] Suppose the hands are together at x minutes past 
1 o'clock; then the long hand must have passed over 12 
five-minute spaces, together with these x minutes; that is, 
it must have passed over 60 + x minute spaces. But it 
moves twelve times as fast as the short hand ; 
therefore 12a? = 60 + a?; .\ 11a; = 60; .-. x = ti^&fu 
the number of minutes past 1. 

[32.] When the long hand is at XII, the short hand is at 
V ; the long hand then moves down and overtakes the short 
hand; suppose it comes up to it at x minutes past the V, 
then, while the long hand has moved over 5 + x five-minute 
spaces, £he short hand has moved over x minutes : but the 
former moves 12 times as fast as the latter; 

.-. 12a? = 25 + a>; .-. lla? = 25; .-. a? = f4 = 2 1 3 r ; 
consequently the hands are together at 2^ minutes past 
the V, that is, at 27 -fa past five o'clock. 

[33.] Suppose they finish, it in x days; then they can do 

- of the whole in 1 day ; but A and B do 4 of the whole in 
a? 

1 day; .\ ^ is the part O alone can do in 1 day. Again, 

A and C do £ hi 1 day; ,\ is the part B alone can do 

x o 

E 3 
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in 1 day; and in like manner — r is the part A alone 
can do in 1 day : hence the sum of these parts is what they 
can all three do conjointly in 1 day, that- is, it is - ; 

...i-l + I-i + i-l.!. 

* $ x 5-x 6 x 9 

2_1_1_1 . 2 _?1. . !_?! 

° r x 3 5- 6"" ' / 'i""30 ; * # * x~~6Q ; 

.-.*=« = *♦; 
consequently they all three finish the work in 2$ days. 

This question can be easily worked as follows : let A, B, C, 
represent what these agents can respectively accomplish in 1 
day; then by the question, 

A+ B=i 

A+ C=i 

2A + 2B + 2C=i + i + l = M; 

.•» A + B + C=s £J, the part done in 1 day; 

consequently there will be as many days occupied in doing 
the whole as there are such part* in one whole; that is, the 
number of days will be 1 -7- f J = £J = 2$, as before. 

[34.] Proceeding as in last example, we have, 

day's work of G = ; 

. x a 

ditto of B = - - T ; 

x 

\ A 1 1 

ditto of A = ; 

x 

3 a& + ac + 6 c _l # . 2 _ gb + ac-£bc 
"x~~~ abc T x 9 '"'*""" abc ' 

., # . *«*?-=, , ihe number of day* 
ab + ac + bc' ••' 
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Otherunse, A+B = 
A + C-l 

B + C = l 
c 
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1 



work done in 1 day; 



u b c abc ' 

.*. A +B + C = jr—= , the part done in 1 day; 

22 aOC 

and .-. 1, divided by this, that is, -r =- «= the number 

• ab + ac + bc 

of days. 

[35.] By the first solution above, the parts of the whole- 
done by 4, B, 0, respectively, in 1 day are, 

1 11 11 '1 1 ab + ac + bc 

— — — i — — -r i .— — — \ wuere ~ — ox > 
x c x b x m a x 2abc 

nence, by substituting this value, the parts are, 

ac + bc—ab ab + bc — ac ab + ac — bc 

2abc ' 2abc ' 2 abc J 

so that, dividing 1 by each of these, that is, taking their 
reciprocals, we have, . 

2abc 2abc 2abc 

ac + bc—ab ab + bc — ac ab + ac — bc 
for the required number of days. 

[36.] Suppose the man alone could empty the cask in x 

days, theri his share for 1 day is - ; and as — is the part 

x 10 

of the whole which both together consume in 1 day, it follows 

that — is- the woman's daily share ;'also for 6 days the 

joint consumption is -fa; and by the question, the remainder, 
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namely 1 — fa or $ , is what the woman consumes in 30 days : 
but in 30 days she drinks 

30 30 10 30 

15 "" x 9 5 ~~ x '" 

3 10 30 30 7 ' - 

.'.« = -=■ .-.— = -; .-.150 = 7*; 

5 5 * ; x 

.'•• a: = Xjp = 214, the number of days the man 

takes ; and as the woman drinks $ in 30 days, she drinks } 

in 10 days, or the whole in 50 days. 

[37.] Let x be the number of leaps taken by the fox after 
starting, then the greyhound must pass over x -f 60 of the 
fox's leaps before catching him, and this he must do in the 
time it takes the fox to make x leaps. Now by the question, 
while the fox makes x leaps, the greyhound makes $ a?, or *# 
leaps; but these are \ times as great as the fox's leaps ; 
.-. y» = a? + 60; .-. 14* = 9* +540; 
.-. 5 #=540; .-. #=108, the number of fox's leaps; 
.*. £.a?=72, the number of greyhound's. 

Otherwise. Let a? be the number of leaps taken by the 
greyhound, then the number of the fox's leaps, plus 60, is 
4 x + 60, which is the whole number of fox's leaps in the 
distance between the greyhound's starting point ana the point 
of capture, and wtiich distance is also x of the greyhound's 
leaps : but 3 of these are in length equal to 7 of the other ; 

.\7*=^ + 180; ... 14a? = 9*+ 360; 
2 

.\5s = 360; .-.0 = 72. 

[38.1 Let x be the first number, then since, if divisor be 
multiplied by quotient, and remainder taken in, the result 
will be the divicNbd : we have by the conditions of the ques- 
tion the following equations, namely, 

x = the first number, 

2x + 1 = the second, 
6s + 3 + 3 = the third; 
.\ 9a? + 7 =70, by the question ; 
*.-.9*sa63; .-.# = 7; 2*+l = 15; 6s + 6 = 48; 
consequently the three numbers are 7, 15, and 48. 
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• 

[39.] Let the time be x of the units expressed in the times 
d, <?, f, that is, hours or days, <fcc. ; then, in 1 of these units 

of time, - of the effect E can be produced, that is, the part 

E 

— # But the joint effect produced by the agents in a unit of 
x 

,. . v ^ i.. a , & , c aef+bdf+cde 
time is, by the question, % H •" /= ~r * J 

aef+bdf+cde _E 
" def ~* ; 



aef+bdf+cde 
the number of units of time. 



E, 



[40.] From the solution to example 31, it appears that the 
hands are again together. after a lapse of lh 5^ min.; and 
as they move uniformly, it follows that whenever they ane 
together, they must, always be together again after the lapse 
of this interval of time ; so that in the 12 hours after their 
first start, they are together as often as lh. 5-^ min. is con- 
tained in 12 h., that is to say 11 times ; the several conjunc- 
tions being at 5 -fa min. past 1 ; at 10-}-$ min. past 2 ; at 
16y^- min. past 3, and so on, each conjunction being lh. 5^ 
min. after the immediately preceding one. 



Simultaneous Simple Equations. — Page 135. 

[1.] 4*-3y= 7 ... (1) [2.] 6x+ y=36 ... (1) 

5*+2y=14 ... (2) 8x+5y±26 ... (2) 

add, 9s— y=21 ... (3); . sup., 2*+4y= — 10 

.\18tf-2y=42; (1) x 4,24*+ 4y= 144 ; 

adding this to (2), sub., 22a?=154; ."#=7; 

23s=56; .*.«=#; ■ .-. (1), y=36-6*=-6. 
.•.(3),y=9*-21=^. 
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[3.] 13a?-3y=-65...(l) [4.1 a?+49y=693 ■ 

• 9* + fy= 98.. .(2); • 49a?+y = 357; 

add, 22 a; — y = 1 63 . . . (3) ; adding and subtracting, 

.\44a?-2y = 326; 50a? + 50y = 1050 

adding this to (2), 48y - 48a? = 336 ; 

53*= 424; .\* = 8j .\a? + y = ^ = 21 " 

/. (3),y = 22a?-. 163 = 13. y-a?=\^=7; 

adding and subtracting, 
2y = 28; .\y = 14 

*[5.] 3a? + 2y = 42 [«.] a?-6y = 6 ... (1) 

2a? + 3y = 48; 2a?-6y = 15; 

sub, — a? + y= 6. . . (1); sub.,a? = 9; 

add.,5a? + 5y=90; m ar-6 3 1 

.-.* + y = 18...(2); •"'V 1 *y ss -T" as 8 SBS y ' 

adding and sub. (1) and (2), 
2y = 24;.-.y=12 
2a?=12;.-.y = 6. 

[7.] 12*-y=28,(l); [8.] 6a?-5y=39 ... (1) 

.•.y=12a?^-28 7*-3</ = 54; V J 

4y-*=2S,(2); mh * + 2y=15. (2V 

that is, 4(12*-28)-*=29; ... 6 «+ iaJ-90; ' ( '' 

. . 47a?=141 ; .-. a?=3; ... / 2 ), a?=15-2y=9 

.\ y= 12a? -28=8. W ¥ 

[9.] 8*-3jf=17...-(l) 
3a?+ 2y = . . . (2). 
Multiplying (1) by 2, and (2) oy 3, 
4a?— 6y=34 
9a? + 6y = 

Sum, 13a? =54; ...a? = |£; 
;'-(2), y=- 3 /=-fr 
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[10.] ax + by=*\ -..(1) 

60 — cy = 1 . . . (2); 
multiplying (1) by b, and (2) by a, 
a&0+& 2 y==& 
a&0— acy=za- , 

Diff., (ac + 6 2 )y=&^; .-. y = ^y 2 ; 

n\ _ 1 - 5 y _ qc + 6 2 — 6* + a6 M-<5 
'/ W ' * "" d - • a(ac + ft 2 ) " ac + 6 2 / 

[1L] 30+2y=lO2 ... (1) [12.] 0-15y = 6 ... (1) 
. 40- y = 48 . . . (2); 30- 7y = 56 . . . (2); 

multiplying (2) by 2, multiplying (1) by 3, 
8a-2y = 96; 30— 45y=18; 

adding this to (1), subtracting this from (2), 
110 = 198; .'.0=18; 38y = 38; :•. y = l; 

.-. (2), y = 40- 48 = 24. .\ (1), = 15y 4- 6 = 21. 

[13.] 3* + 2y= 48... (1) 
50-3y=-15...(2); 
multiplying (1) by 3, and (2) by 2, 
9*+.6yea 144 
IO0 — 6y = —30 
Sum, 190 = 114; .-.0=6; 

m . 48-30 

.'. (1), y= — g — = 15, 

• [14jl + J = 12...(l) ... 

.-i = l; ,.,— 1; 

,.(l),Ul3;,.04. • 



[15.] a0' 4- 5y'= m . . . (tt (Alg. p. 137, 
60' + ay'= ra .... (2) ; foot-AC 

Multiplying (1) by b, and (2) by a, 



abx' + b*y'=< 
abx' + a 2 y' = an 



Diff., (a 2 -6 2 )y'=a7i — 6w 
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Again, mult. (1) by a, and 

(2)bjb, a 2 x'+aby'=am [16.] 21a? + 5y = 297 

b 2 x' + ahy' =bn _ • 5z + 21^ = 249 

DifF., (a 2 — b 2 )x'=zam— bn; Sum, 26a? + 26y = 546; 

, am-bn Diff., 16*-16y = 48; 

. •'• ar =i^Zp> .v« + y = W= 21 

- ,. 1 a*-6* . *?-y=^ = _3 

consequently a? = -, = — -r- ; Sum, 2* = 24 

i 7l5 Diff > 2 y = 18 ; 

; and y = ? = ^-^. . .'..-1^=^ 

[17.1 3(3s-2y) = 2(2a?-7) 
:40r + 3y),=3l2-3#j 
... 5#- 6y= -14...(1). 
7* + 12? = 12... (2); 
. multiplying (1) by 2, 10a?— 12y= —28; 

adding this to (2), 17ar = —16; .-. x = — tf; 

_ 5x+ 14 14.17-5.16 _ 14.16 + 14-5.16 

••• W>y- 6 - 617 - 617 - 

9.16+14 9.8+7 _79 
6.17 "* 3.17 "~ 5-1 * • 

[18.] 4(2y-a?)-3y+5 = [19.] 4(a?+y) + %-y)=708 
3y-5— 2y+a; = 3; . 5a?=33y; 

... 5y-4a?=-5 . ; . : (1) -J- 7«+y = 708 ..... (1) 

y + a? = 8.... (2) ^-33y= (2). 

;-8 * -y. Erom(l),y = 708^7*..(3); 
/i\ i"/l \"f "' ( 2' .•.(2),5*-33(708-7*) = 0; 
•"' QM( 8 Tf>- 4 *= "J' A 5^+231^33.708; 
.-. -9a? =-45; ;.-.*« 5; . 236* = 33.708; 

.• t (3),y = 8-5 = 3. 33177 

... (3), y = 708 -693 = 15. 
[20.1 2a? + -4yc= 1*2... (1) 
34a?--02y = -01 . ..(2). 
Multiplying (2) by 20, 6Bx - -4y = -2. • 

Adding this to (1), 70a? = 1-4; .-. x = - = 02; 

/1X ' 1-2--04 116 OA 
... (l), y= =- =2-9. 
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[21.]« + y=M...(« 



dividing (2) by (1), 

adding this to (1), and then 

subtracting, 

2* = 24; .\* = 12 
2y = H; /. jf= 7. 



[22.] * + y=pa...(l) 
*■-*»= 6... (2); 

dividing (2) by (1) 
6 
*-y=-J 

adding this to (1), and then 
subtracting, 

2x = a + b -; .-.*=*(<* + -*) 
2y=a--; .-.y = i(a--)- 



[23.1 15*-25y + 30 = 4* + 2y 
96-3* + 6y = 6* + 4y; 
.-. ll<e-27y=-30...(l) 
_9* + 2y = -96... (2); 
Multiplying (1) by 9, and (2) by 11, 
99*-243y=- 270 
—99*+ 22y= -1056 



Sum, 

1326 . m 



221 
[24.] 

multiplying 



-221y = -1326; 

— 9 - " 12 ' 



a(*--y) = &(tf + 30...(l) 
*2-y2=:c ...(2); 

plying (1) by x + y, and (2) by a, 

a(a; 2 — y 2 ) = ac; 

CLC ' A / ac 

.-.(»+*)»« T ; .-.« + *« y jJ 

,.(1), «-y=-y T ; 
adding and subtracting, 



* = -2^ ^ a6c ' y= 2T6 ya6c ' 
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. [25 .] ^*£±})+^. 9 .. l(1) 



y^ 



9a?- 5y = 5...(2); 

applying the principle at p. 113, Algebra, to (1), 

/4 a? 4-1 5, 

y ~4' 

4a? +i 25 
squanng,-—^; 

.-. 64a? — 25y = —16; 

(2) X 5, 45a? -26> = 25 

Diff. 19 a? = -4T; 
41 . /oX . 9a?* _ ,84 

* = ^i9' / -( 2 )^ = y- 1== - 4 95* 



.[26.] y/a?4;6 ._ V> + 2 ) 

./aj + 4 "" ^y — 2 f ;' applying the principle at 
2 v /a?+3 v /y = 2 j 
page 113 of the Algebra to the first of these, we have, 

•* + 5= ^; .-.2 •*-•*= -10; 

and subtracting this from the second equation, we have, 
4^y = 12; .-. ^y = 3; r.y = 3*] 

• .-.^-^-*—t; .%•-(-!)«: 

The value of y is expressed in-the form y— 3 2 , instead of 
in the form y = 9, because the step from which this value is 
deduced shows that y/ y is exclusively jp&»" 3, and not 
ambiguously ± 3. The square root of 9 is either 3, or — 3 ; 
but the square root of 3 2 is exclusively 3 ; and the condition 
above shows that this restriction is necessary. 

In like manner */x = f — 5 = ■— £ ; bo that a? is strictly 
(*"" i) 2 * By substituting the values of a? and y in these forms, 
we indicate the proper sign which the square root of each is 
to take, in order that the proposed equations may be verified 
upon substituting these roots for »/x and »/y. (See the re- 
marks at page 68 of this Key.) 
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. [27.] ax+by=c; (1) 

a 2 + ax=zb 2 + by; 
s. ax-by = b 2 -a 2 . ... (2)' 
Adding and subtracting (1) and (2), 

*2a*=c-a 2 +.& 2 ; .-.* = '~° 2 + b * 



2&y = c + a 2 — &*; .%y = 



2a 

c + a^ft* 
2b 



aa? * by ex 
111- 
ay 6a; cy 
that is, putting a', y', z', for the reciprocals of x, y, z, and 
clearing fractions, 

(a-f c)6a/ + ac/=a6c ... (1) 
ac#' — (a — c)6/ = a6c . . . (2). 
Equalizing the coefficients of /, 

■ (a 2 — c 2 )& 2 *'+(a — c)abcy'=*(ab-bc)abc . 
a 2 c 2 a?' — (a — c)abc y' = (ac)a6c 
Sum, (a 2 6 2 + a 2 c 2 - Pc 2 )*' = (a& + ac- bc)abc; 
,__(ab + ac — bc)abc 
• •;* "a 2 (6 2 + c 2 )-6M' 
In like manner, equalizing the coefficients of x' in (1), (2), 
(a + cW6ca?'+ a 2 c 2 y'.= ac(abc) 
(a + c)abcz f >- (a 2 — c 2 )6 2 y' = (a& + 6c)a6c 
Diff. (a 2 6 2 + a 2 c 2 - 6 2 c 2 )y' = (ac - a& - 6c)a6c; 

, (ac— -a6 — 6c)a6<; 

•*' y ""a*(& 8 + c 2 )-& 2 c 2 ' 
and the reciprocals of these expressions for x' and y are 
the values of x and y. 

. n 4y — 3a? 19 

[29.] The first of these equations is, oq_q " = -5- j 

and the second is, 3 2 ( J=i^ T ; 
therefore, clearing fractions thqy become, after transposing, 
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51a? + 8y«437...(l) 
17a?-2y = 99. .'. (2); 
.\(2)x3 = 51a?-6y = 297; 
subtracting this, from (1), 14 y = 140; .-. y = 10. 
Again, (2) x4 = 68a? — 8y = 396; 
adding this to (1), 119a? = 833; ,\ a? = 7. 

[30.] The first equation is, 

H + | = i 8i _li±|i^, or ? =13 _if±|^. 

and the second is, 

10y + ^- 7 = 55 + 10a?, or 10y + 1 = 62 + 9a?; 

so that, clearing fractions and transposing, we have, 

27a?+15y = 495 or, 9a? + 5y = 165 . . . (1) 
44a?-50y = — 310; 22a?-25y= - 153 *. . . (2) 

(l)x5 = 45,a? + 25y = 825 

sum, 67a? =670; .\a?=10; 
' 165 -9a? 1K 



Simple Equations with Three Unknown Quantities.. 
Page 139. 
[1.] a? + y + * = 31...7l) 
* X + V— Z =_? 5 • • • ( 2 ) 
diffi 2* = 6; .\z = 3. 

Also, a? + y + z = 31 

ar J -y-2= 9 . . . (3) 
sum, 2x = 40; .\.a? = 20; 
.\(3),y = a?-z-9 = 8. 

[3.] Multiplying the first equation by 2, 
4oJ + 8y — 6s = 44 
4a? — 2y + 5z=18 
difflOy-^^M...^). 
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Also, multiplying the same first equation by 3, 
6*+12y — 9« = 66 
6a?+ 7y— 2 = 63 

diff 5y38i =""3 ...(B) 
OB)x2=*10y-162 = 6; 
subtracting this from (A), 5z = 20 ; .\ z = 4 ; 

,(*), y = ^ = 7; 

and from the second of the proposed equations, 
18 + 2y-5z 

# = j = O. 

4" 

• [3.] Multiplying the second equation by 4, 
3ar— 9y + 8* = 41 
— 2Qx + 16y + 82 = — 80 

diff. 23s-25y=121 (4). 

Also, multiplying the same by 3; 

— 15*.+ I2y + 6z = — 60 
Us- 7y-62 = 37 
sum, — 4*+ 5y = — 23 . . . (£); 

.\ (J?)x5 = -20* + 25y=~115; 
adding this to (A), 3xss6; .\x = 2; 
/m 4*- 23 „ 

•'•Wy= — 6~~ = "" 3; 

and from the first of the proposed equations, 

15*— 12y— 60 , 
2= ^— =1. 

[4.] From the second equation, 

*^2y- 11... (1); 
substituting this in the third, we have the two equations, 

5# + 3y = 65 (2) 

3* + 8y = 101 (3); 

equalizing the coefficients of x> 

15a? + 9y=195 
15a? + 40y = 505 
diff. 31y=~3f6; .\y=sI0; 

.•.(lX«=9;and(2),a ? = 6 ^V^= 7. 
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. [5.] Clearing fractions, the equations are, . 
5x + 2y + 0= 30 
5a? + 8y— s=b 40 
2x + fry + 10^ = 129; 
adding the first to the second, 

10a?+10y = 70; 
or, a?+y = 7 . . .{A); 
subtracting the third from 10 times the first, 
48a?+15y=171; 
or, 16a? + 5y = 57 .. . (£); 
from (A), y = 7 — x; 
substituting this in (2?), 

16a? — 5x = 22; ,\a? = 2, and y = 7 — a? = 5; 
and from the first equation, 2 = 30 — 5#— 2y = 1. 

[6.] Clearing fractions, the equations are, 

6a?+ 3y + 2* = 192, 

20a? -f- 15y + 12z=900, 

15a? + 12y + 10« = 720; 

multiplying the first by 5, 

30a?+15y + 10*=960; 

and subtracting the second, 

10a: — 2z = 60; 

or, 6x — « = 30. .*. (A); 

multiplying the first by 4, 

24a? + 12y + 8* = 768; 

and subtracting the third, 9a? — 2z = 48 . . . (B) ; 

(A) x 2 = 10a?-22 = 60 

diff. x =12; .:(A), z = 30, 

. 192 -6a?- 2* OA 
andy = g =20. 

[7.] From the first equation, 

y = c — ax (A); 

substituting this in the second, 
bc — abx + z = a; 

.• z=zabx—bc + a. . . (2J); 
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substituting this in the third, 

obex — be 2 + ac + x = b ; 

__& + bc 2 — ac 
"■ X ~~ abc + l ' 
/ jx c + a 2 c — ab 

'••W>y= abc + l > 
and from the second of the proposed equations, 
, a + ab 2 — be 
abc + 1 

[8.] From the sum of the first and second equations sub- 
tract the third, and .we have • 

— =1: .•.a? = 2a. 

x 

From the sum of the first and third subtract the secondhand 
we have 

From the sum of the second and third subtract the first, and 
we have 

— =1; .*. «==2c. 

[9.] These equations, cleared of fractions, are 
# + y + 6s = 63 
y + gf _6a?= — 130 
3* + y- 0= 76; 
adding the second and. third, 

— 3# + 2y= — 54. ... (^i); 
also, adding 6 times the third to the first, 

19* + 7y = 519... (5); 
equalizing the coefficients of y, 

21*-14y = 378 
38s +14y = 1038 . 
Sum, Wx =1416; .-.a? = A^=24; 

* .'.(ii),y = ^-27 = 9;and2: = 3« + y-76 = 5. 
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[10.] These equations are the same as 

2x Zy + z^2y + 2z — # + l_, &— * 
~5~ + ""10 15 ~~ 4 + IT 

3a? 5y z x y—3z _7y + z+3 1 
T" I "12~6~2~ ~T~: il~ ^"6 

4 6 4 + 12+ y + 2 + 3 + 6' 

s + g , 3y + g 2y+2z-x+l _^ A 

0Tf "r to is -* 

x-\*Zz y — z ^ ly + z+S 1 
~~ r~ + ~6~~ 11 + 6 

4 6*12* 4 * 2 + 3+6' 

clearing fractions, 

6* + 63+9y+3z-4y-43+2tf-2=:120 

33* + 993 + 22y-22* = .84y +;i2*+36 + 22 
9« — 2s + e + 24z = 6a? + 4y + 2; 

transposing, 8x+ 5y + 5s=122 ... (1) 

33«~ 62^+65*= 58.... (2) . 
8« + 4^-34*= -2. .. (3); 

subtracting (3) from (1), * . 

y + 39* = 124; ... y = 124-39* . . . (4); 

subtracting 4 times (1) from (2), 

*-82y + 450=5-430 (B); 

subtracting 8 times this from (3), 

660y-394*=3438; 
or, 330y-197f=1719; 

substituting (-4) in this, 

40920 -13067f« 1719; 
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Questions in Simultanbous Equations — Page 142. 

[1.] Let the price per dozen of the port be x pounds, and 

that of the sherry y pounds ; then, by the question, 

20a?d-30y = 120 or, 2a? + 3y = 12 . . .(1) 

30# + 25y = 140; 6a? + 5y*=28. . . (2); 

multiplying (1) by 3 . . . 6a? + 9y = 36 

diff. 4y = 8; .\y = 2; 

. 12-3y 
.-.(1),* = — g — =3; 

hence the price of the port per dozen was £3, and that of 
the sherry £2. 

[2.] Let the fraction be -; then, by the question, 
f±i = L.vL+8 = y (1) 

diff. 3a — 8 = 7; .\*=y =5; 
.;. (l),y = 2a> + 8 = 18; 
consequently the fraction is -fa. 

[3.] Let x and y be the digits ; then the number must be 
10a? + y; and this number inverted is IQy + x. By the 
question, 10a? + y= 4a? + 4y 
10a? + y+18 = 10y + a?; 
' .\6a?-3y = 0;. or, 2a?-y= . . , (1) 
&r-9y= — 18; or, x — y =-2. . . (2) 

diff. x » 2; .-. (2),y = 4; 
consequently the number is 24. 

[4.] Let - be the fraction ; then, by the question, 

y — i o 
. ^-J,.M— l- r +l...(l), 

multiplying (2) by 4, 8a? — 8 ss iy + 4; 
subtracting (1) from this, 

3a?-13 = 8; .\*=y=7j .\ (2),y=»2*-3*»ll; 
consequently the fraction is ^ T . 

F 
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[5.] Suppose x bushels of rye and y bushels of wheat; 
then, by the question, 

a? + y + 28 = 100; or, a? + y = 72 . . . (1). 

Also the value of the barley in shillings is 6$ J, that of the 
rye 3 a?, and that of the wheat 4y ; so that the value of the 
whole 100 bushels is 3x + 4y + 65 £; that is, this expresses 
the number of shillings. But the number of shillings, at 3£ 
per bushel, is 333 £; consequently,. # 

3a? + 4y + 65^ = 333 £; or, 3a? + 4y = 268.. . (2); 
subtracting 3 times (1) from this, 

y= 52: .-.(1); a?=20; 
therefore there must be 20 bushels of rye and 52 of wheat. 

[6.] Let a? be the number of persons, and y the number of 
shillings distributed; then the number of shillings each 

received was - ; and by the question, 

-JL-==?--l; .\a?y=a?y + 3y-a? 2 -3a? 

X -j- O X 

Z^9~z + l> A *ry=a?y — 2y + a? 2 — 2a?; 

X — 2 X 

transposing, a? 2 + 3a? — 3y = . . . (V) 
a? 2 -2a?-2y=:0,..(2); 
.'.5a? — y = 0; .\y = 5x\ 
substituting this in (2), 
a? 2 — 2a; -10a? = 0; .-.a: -2-10 = 0; ,\a?=12; ,-.y = 60; 

hence the number of persons was 12, the sum distributed 
60*. or £3, and consequently the share of each was 5s. 

Otherwise, let x be the number of persons, and y the 
number of shillings each received; then the number of 
shillings distributed must have been x y. By the question, - 
if the number of persons had been x + 3, the share of each 
would have been y—1; and had the number been #—2, the 
share of each would have been y -f 1 ; consequently, since 
the. number of persons, multiplied by the number oi shillings 
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each received, must in either case be the number of shillings 
distributed, we have the two equations, 

(ar + 3)fy-tt=*y; .\ary + 3y-*-3=:*y „ 
(a? — 2)(y + l) = *y; m \xy + 2y + x — 2 = *y; 
transposing, 3y — a? = 3; .%aiss3(y — 1) 
2y-*=-2;.-.*=2(y+l); 
.\3y — 3 = 2y + 2; .\y = 5; 
.•.a?=2(y + l)=12; 
hence the number of persons was 12, and the share of each 
was 5*. 

[7.] Suppose A had x shillings, and B y shillings ; then, 
by the question, A after the first sitting had 2x •+■ 4, and 
consequently 2? had y — a? — 4; and 2? after the second 

sitting had y — a?— 4-f-^, so that in this sitting -4 lost ~ 

shillings. Also by the question, 

2a? + 4 = 2(y-a;-4) 

y^*-4+|=3(2* + 4-|)>. 

transposing, 

4ar — 2y=— 12; or, 2x— y=- 6; .-. y = 2a>+6; 
7a? — 3y==— 16; 
substituting the expression for y in this, 

7a — 6a?-18=-16; .-. * = 2; ,\ y = 10; 
consequently A began with 2*. and 2? with 10*. 

[8.] Let a? represent the number of half-guineas, and y the 
number of crowns ; then, by the question, 3 x = 2 y. Also, 
10£a;-{-5y«=144, the number of shillings in the whole 
amount ; hence we have the two equations, 

3*^- 2y = 0; '.*=-# 

21a?+10y=:288; 
substituting the expression for x in the second equation, 
Hy + 10y = 288; .\24y = 288; .\y = 12; 

consequently there must be 8 half-guineas and 12 crowns. 

f2 
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[9.] Suppose A, B, C can do respectively, - , -, - of the 
whole in 1 day ; then, by the question, 

x*y 12 

l + l-l 
y^« 20 

1 + ! = I 

* e 15 



„/l ] 1\ 1 1 1 12 1 

sll ^ 2 (i + y + i)=r2 + 20^ 15 = 60 = 5' 
1 1 1 _ J. 

•"' * + y + i~10 ; 

consequently all three working together can do ^ of the 
whole in 1 day ; therefore they can do the whole in 10 days. 

[10.] Suppose the pipes A, B, C, fill respectively, -, - , - 

x y z 

of the cistern in 1 minute; then, by the question, 

i i _ 2 

i + y~70 
* s 84 

i i__L 

y + ~z~U0 



o/ 1 , 1 1\ 1,1,1 U 1 

■■^ 2 (i+y + ;)-ro + a + uo-ao-» ; 
iiii /ilx 
•'■j + j + i-r-'-w- 

From this equation subtract each of the first set, and there 
will result the three equations following, namely, 

m 60 140 ~" 105' y~60 84 210 

1 - l 1 - JL 

f ~60"~70"~420 - 
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These fractions are the parts of the whole cistern supplied 
by the respective pipes in 1 minute ; consequently the pipe 
A fills it in 105 minutes, the pipe £ in 210 minutes, and the 
pipe C in 4£0 minutes. Moreover, from (A), it appears that 
when ail flow together, the fractional part filled in 1 minute is 
■fo ; consequently, the whole will be filled in 60 min. or 1 hour. 
It is observed in the book, that both this question and the 
preceding can be easily solved by help of only one unknown 
quantity : we. shall here show how this is to be done. 

Ex. 9. Suppose they do the work in x days, then in 1 

day they do - part of it ; but by the question, 
x 

- — — = the part done by C in i day; 

Li- A 

x 20 ~ 

1 l - £ 

3 11 
.'. = = - , the part done by all in 1 day ; 

2 1 

.\ - =x; .*. #=10, the number of days. 

Ex. 10. Suppose the cistern is filled by all the pipes 

flowing together in x minutes, then - of it is filled in 1 

x 

minute ; but by the question, 

=^ = the part filled by C in 1 minute : 

x i\) 

x~M £ " 

l-± A 

x 14 * 

3 1~ 1 
" x ~~ 30 = " ' *^ e ^ art *^ e( * ^ a ^ in * mmute > 
2 1 
•* ' x = 30 ' -'' x — ^> tne number of minutes ; 
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jquently, 

£7> — fTv = To*, the part .filled by C in 1 minute ; 



conseque 


ntly, 




1 


1 


1 


60* 


" 70 


"420 J 


1 


1 


1 


60* 


~84 


"~210 


1 


1 


1 


60' 


"140 


""105 



therefore the times of filling by A, £, C, separately, are 
105 min., 210 min., 420 min. - 

The learner will understand that these two examples are 
solved by the aid of only one unknown quantity, not because 
the examples in the present section are, im general, such as 
necessarily to require the aid of more unknown quantities, 
but because the solutions, with a single unknown, are quite 
as easy as the solutions before given with three unknowns. 
In most of the examples here considered, there is no absolute 
necessity for more than one unknown quantity : the reason 
that more are employed is, that the work of an example is 
often much more difficult and perplexing, when the operator 
is limited to one unknown quantity, than when no restriction 
of this kind is imposed. 

[11.] Let x be the number of hours with the stream, and 
y the number of hours against it ; then, by the question, 

x + y = 1 0, and 3 x = 2y. 
From the first of these a?= 10 — y ; and substituting this in 
the second, we have, 

30-3y = 2y; .\5y=:30; .\y = 6; 
.•.#=10 — y = 4; 
consequently he was 4 hours rowing with the stream, and 6 
hours rowing against it. 

[12.1 Suppose there were x pounds of tin, and y pounds 
of lead. By the question, the loss on 1 pound of tin, when 
weighed in water, is ^Ib., and the loss on 1 pound of lead 
is 5^ lb. ; so that the loss on x pounds of tin and y pounds 
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of lead is 5=- + ~ pounds; but, by the question, tibisloss is 

14B>.; hence, 

* + y=120 (1) 

37+23- 1 *' 
clearing fractions, 

mxll5 115 * + 74y = 119U...(2) 
I 1 ' X 11D ' llda?+115y = 13600 

diff 41y = 1886; .\y = im — 46"; 
.-. (l),*=120-y=74; 
consequently the composition contained. 74 Bx of tin and 460). 
of lead. 

From this solution it appears that when a composition is 
formed of two known metals, the exact quantity of each 
metal in the compound can always be discovered. It was in 
some such way as this that Archimedes found the amount of 
alloy in the crown fabricated for Hiero, king of Syracuse. 
The artist was commissioned to make it of solid gold ; but 
the king suspecting there was an alloy of silver in it, directed 
Archimedes to discover the cheat. The learner will easily see 
from this example how the extent of the fraud could be 
detected. 

[13.] Let the number of pounds possessed by each be x, y, 
and z respectively ; then, by the question, 
y z 
*+I+2= a - 

x y 

or, clearing fractions, 2x + y + z = 2a . . . (I) 
3y + x + z=3b. . . (2) 
4z + a?+y = 4c. . . (3); 

subtracting the first of these from the sum of the other two, 
we have, 

3y + 4«=s36 + 4c — 2a; 
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and subtracting the second from the third, 

3s — 2y=4c— 36 . . . (A); 
adding this to the preceding, 

y-f 7z= Sc — 2a. . . (B); 
adding twice (B) to (A), 17*= 20c — 36 — 4a; 

.\ 2 31-^(200—36 — 40); 

.\ (B), y=8c-2a-72 = ^ f (216-4c-6a); 

and (3), a = 4(c-0)-y = ^(22a-96- 8c); 

which are the number of pounds possessed by C, &, and A 
respectively. 

[14.] The conditions of the question are, 
16a 4-46 + c=42.. .(1) 
9a + 36 + c = 22 . .. (2) 
4a + 26 4-c= 8. . . (3); 
subtracting (2) from (1), and (3) from (2), we have 
7a + 6 = 20. ..(^1) 
5a + 6 = 14. ..(B) 
diff. 2a = 6; .% a = 3; 
.-. (B), 6 = 14-5a=-l; and (3), c = 2(4-2a-6)=-2; 
these, therefore, are the values of the coefficients a, 6, c. 



[15.] This question appears difficult, and is very likely to 
puzzle a learner who sets about the solution of it without 
due consideration ; but after a little reflection, it will be 
found to require but very little algebraical work. Let 

v, w, x, y, z, 

represent the number of pounds with which the persons com- 
menced playing ; these several sums being ranged according 
to their amounts, v being the greatest of the above five 
numbers. It is plain that he who had the most money ^must 
have lost first, he whose money was next in amount lost 
second, and so on. As the first had £32 at the close of the 
fifth game, he must have had £1 6 at the close of the fourth, 
£8 at the close of the third, £4 at the close of the second, 
and £2 at the close of the first : we thus easily find what 
the first had immediately after his loss. 
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In like manner, since the second had £32 at the close of 
the fifth game, he must have had £16 at the close of the 
fourth game, £8 at the close of the third game, and £4 
at the close of the second, that is, immediately after he 
lost. In the same way we find that the third must have had 
£8, the fourth £16, and the fifth £32, immediately after 
.their respective losses. These results furnish, us with the 
following conditions : namely, 

t; — u>— x — y — z =. 2).\ subtracting twice the first 
2w— 2 — 2#— 2y— 2z= 4 J from the second, 4 w — 2 v= 2; 
4a?— 4 — 4 — 4y— 4z= 8 .\v=z2w~ 1 
8y_ 8-8 — 8 -8z=16 
16z-16-16-16-16=32; 

dividing the last equation by 16, and transposing, 

2 = 2-|-4 = 6; 

similarly, y=2+3+6= 11, 

x= 2 + 2 + 6 + 11 = 21, 

t* = 2 + l+6 + H + 21=41; 

and since v = 2w— 1; .*. v = 82— -1 = 81; 

consequently, the respective sums at the beginning were £81, 
£41, £21, £11, and £6. 

The learner will readily see the consistency of the preceding 
five equations with the conditions of the question, if he only 
keep before his mind the fact that, as the games proceed, 
those who have lost have each of them known sums, which 
are severally doubled at each subsequent game; and that, 
those who have not yet lost have the unknown sums, arising 
from doubling the unknown sum at the outset, and then 
doubling the result, and so on till a loss takes place, when 
the sum each has left becomes known. These known sums 
furnish the right-hand members of the several equations of 
condition.* 

* The example solve I in the text was taken from the collection of 
examples by the well-known German mathematician, Meyer Hireeh, 
where it is proposed but not worked. The book was translated into 
English by Mr. Wright, under the title of " Self-Examinations in 
Algebra." The example is one of the very few of any interest that hus 

f3 
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[16.] Suppose the number of ounces to be taken from each 

ingot to be x, y y and z, respectively; then, by the question, 

7x 
the amount of silver in the portion x is r- oz., the amount 

12y 

of silver in the portion y is y oz., and the amount of silver 

in the portion z is -^ oz. In a similar manner, the amount 

of copper and of pewter in each portion is expressed ; and as 
each expression will be a fraction, with 16 for denominator, 
it is better to conceive each expression to be multiplied by 
16, and consequently to take 16 times the specified quantities 
in the composition : we thus have the three equations follow- 
ing, namely, 

7* + 12y + 4* = 128... (1) 

3a?+ 3y + 7« = 60.. .(2) 

6*+ y + 5z=z 68... (3); 

subtracting the first from 4 times the second, 
5* + 24z=112...(;i); 

subtracting the second from 3 times the third, 
15* + 8s = 144... (£); 

subtracting (JB) from 3 times (A), and then (A) from 3 
times (£), 64s = 192 ; .-.2=3 

40* = 320; .\s = 8; 
consequently (3), y=z68 — 6x — 5z=z5; 

therefore there must be 8oz. taken from the first ingot, 
5oz. from the second, and 3oz. from the third.. 

not, I believe, found its way till now into the school-books ; and the 
Author of this Key has nowhere seen it solved, although it is probable 
that whatever solutions may have been given, they differ but little from 
that offered abeve. He may take this opportunity of mentioning that 
he is entirely responsible for all the solutions in this book; for although 
most of the examples were taken from various sources, many of them, 
no doubt, accompanied with their solutions, yet he preferred the labour 
of working, for this Key, every one of them himself, to the perhaps 
equally troublesome task of seeking out from among a number of 
volumes', few of which indeed are now in his possession, the solutions 
by others of the examples appropriated. He mentions this circum- 
stance merely to account for the probable fact, that solutions may exist 
elsewhere having claims to a preference that some of these may not 
possess. 
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[1 7.] Let the four parts be w, x, y, t; then, by the question, 

w + 2 = *— 2 = 2y = |j and w+#+y+* = 90 

* 

«, = - 



9« 

Sum, w+a?+y+*=- =90; 

.\* = 40; .'. y=10, a: = 22, w = 18; 
consequently the parts are 18, 22, 40, and 40. 

[18.] Let the first digit be x, the second y, and the third z; 
the local value of a? is 100*, that of y lOy, and that of z 
simply z, so that the number is 100a? -f lOy + s. By the 
question we have the following conditions, namely, 

x-y = y-*, 
I00a?-f lQy + g _ 36 

X *4" 1/ -^ Z ' 

100a? + 10y + 2 + 198= lOOz + lOy + a?; 

adding 2y + z to each side of the first equation, we have 
£ + y + z = 3y; therefore, multiplying the second by 3y, 
and transposing, 

100a?-68y+*=0... (1) 
99*-99« = -198; .-.*— a?= 2 . . . (2); 

adding this to the first equation, we have, 

2-y=y-* + 2; .\2(«-y) = 2; .\ z-y=l ...(3); 

from (2), « = * + 2; .\ (3), y = «-l = * + !; 

substituting these expressions for z and y in (1), 
100a?-68a?-68 + a; + 2 = 0; 
.-. 33a? =66; .-. * = 2; 
.•. y = x + 1 = 3, and z = * -f 2 = 4; 

consequently the number is 234. 
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[19.] Let x be the number of men, and y the number of 
women; then, by the question, the men have px pence, and 
the women qy pence ; also, by the question, 

x+ y = n; ,\ x = n — y . . . (1) 

px + qy = 12a (2); 

substituting (1) in (2), 

np — (p-±q)y=l2a; 

np—\2a \2a — nq 
.-. y = -; .-. # = n — y= ±; 

p-q *>-? 

the former expression denoting the number of women, and 
the latter the number of men. 

[20.] At the first drawing, - of the whole cask of wine 
is taken away, so that tl* part of the cask left is 1 — ; of 
this quantity, - is taken away at the second drawing, so 

1 of it is left, that is f 1 \ ; in the third drawing, 

- of this is taken away, so that 1 — of it, that is (1 — ) , 

is left, and so- on ; consequently, after n drawings, the part 

(b\ n 
1 J , that is, it is 

(ct — 6\** 
j ; in other words, there is this part of a gallons of 

wiue in the cask ; but ( ) of a is f- , which is 

therefore the number of gallons of wine left. The learner 
will observe that every - part of the mixture taken away 

contains the - part of the wine in that mixture, as well as 
a 

the - part of the water, both being equally diffused. 
a 

For some further particulars respecting the general theory 
of simultaneous equations of the first degree, see Note (A), 
at the end of this Key. . - 
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THEOBY OF EXPONENTS* 109 

THEORY OF EXPONENTS.— P^e 149. 

[1.] aS + tfi+l [2.] a* + a*6i'+ a*6* + 6* 

*i — 1 a*— 6* 






[30 W 

#!— a?tyt+a?tyt—yt 15a;- 6 — 7ar" 5 + 6*- 4 

sl+yi 8a?~ 2 — 3a;- 1 

a; 3_ a .| y i +a ;!yt— a;j y ! 120ar-»— 56r" 7 + 48a;- 6 

sSy}-a*yt+a*y*--y 3 — 45a?- y + 21ar- 6 -18a;- 5 

x* -y» 120ar- 8 -101ar- y + 69a;- 6 -18a;- 5 

[5.] a 2 -6 



[6.] (a?* — ai) 2 = a?« — 2a*a?^-h al 
a;* — a* 



a? — 2a$x$ + . aSari 

— a*a?§ + 2«ij?* — a 
x — 3<ztai+ 3ai#i — a = 
a; — a — 3a*a;*(a;i — a*);= 
x'>~a — 3y/ax. (y/x— %/a). 

[7.]** + y* 

" 1 +a?-4yi+~ariy~*"+l= a? " i y* + *%""* + 2. 

[8.] a?i + y* ) a?S + 2a?y* + 2#*y + yl(x + (a?y)i + y 
,r* 4- #y* 

a?y* + 2a;iy 
xy*+_xhy 

x^y+y* 

x*y + yt 
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[9.] x-*~y-*\)x-i-y-i(x-l + (xy)-* + y-l 
x ' x — a?-iy — i 

ar-iy-i—y-* 



#-*y-i — y _1 
s-iy-i — y- 1 

[10.] *-*--y*)ar--t--y*(a?-i + a?-*y*+y 
#-t — *- 1 yi 

tf-^y*— y* 
«~ 1 y*— *~*y 



*~*y— yt 
g""*y— y* 
[11.] Sometimes division of compound surd expressions 
may be simplified by multiplying dividend and divisor by a 
suitable factor. Such multiplication of both by the same 
thing cannot have any effect on the quotient ; it is merely 
introducing a common factor into both terms of a fraction. 
We shall adopt this expedient in the present example, multi- 
plying each of the proposed expressions by #*y*, and then 
dividing as follows, reversing the terms of the divisor. 
s*y-*+l-hr-*y*) x 9 *y~*+ 2s+3a*y*+2y+ *-*yf {x+(xy)*+y 

*+2**y*+2y 
#+ **y*+ y . 



«*y*+ y+*~*y* 
g*y*+ y+s~*yl 
Otherwise, multiply dividend and divisor by x, y ; ti^en, 
reversing the terms of the divisor as above, the operation is 
as follows, the quantities being free of negative exponents : 
x + x±yi + y) x 2 + 2xlyt + Zxy + 2a?*y* + y* (*+(a?y)*+y 
a? 2 -f s j y* + xy 

a?*y* + 2*y + 2**yl 
#!y* + ary + s*y3 



#y+ **yt + y* 

sy + sjy' + y 2 
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[12.] In this example, it will be better to divide by the 
divisor twice, than to take the square of the divisor, and then 
to seek the quotient by a single division : it will also be con- 
venient to arrange the terms of the divisor thus, si — yi — 
a?-iy*, where the powers of x regularly descend, as in the 
dividend. % 

a*— yi_ ar-iy§)»--3a%*-f 5y~3*-ly*— arV(sl— 2a?iyi— yi+ 
x— ariyi— sfy* 2x~ly + x~-hft 

— 2a£yi+ ariyi +5y 
— 2a*yi+ 2a%i+2y 

— *iyl+3y— 3a?-fyl • 

— giy*+ y-f ar-iy! 



2 y — ar-iyt— 3ar-iyt 
2y~2a?~V t -2ar-ity» 

a?-iy*— ar-fyt— a^y 2 
a;-iyt— a;Hy*— x- l y 2 

a?*— yi— «-iyi)a?i— 2a?*y*— yl-f 2or-*y-f «-iyt(«4— y*— ar-iyi 
a?*— giyi— y* 

— a?iyi+2aj-iy+ ar-iy! 

— *iyi+ y* +ar-iy 



— yi +a?-iy+ar-ly» 

— y* +s~iy+ar-iyi 

It thus appears that the dividend is the cube of 
a?i— a?~iyi — yi. 

The preceding examples have been given for the purpose of 
affording sufficient practice to the learner in the management 
of fractional exponents ; but in long operations, like that 
above, the continual recurrence of these exponents gives a 
confused appearance to the work. This may be avoided by 
adopting a plan which we shall here exemplify. 

In the foregoing example, put w for x\ and z for yi, then 
the given divisor becomes changed into w— * — w 1 z 2 9 and 
the dividend into w 8 — 3m> 2 z+ 52 s — 3w~ 2 z 5 — w 3 z 2 t and 
the work stands as follows : 
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20-z-i0- 1 z 2 )i0 3 — 3w 2 z + 0Z 3 — 3t0- 2 z 5 — t0- 3 z 6 (i0 2 — 2i0z-z 2 + 



W 2 Z _ ^2 2l0- 1 Z 3 +10- 2 2 4 



-2w 2 z-f- wz 2 + 5z B 
-2w 2 z + 2wz 2 + 2z* 



— wz 2 + Z£ — ?>w- 2 £ 

— wz 2 + z 3 -}- w-V 



S* 3 — w-iz 4 — 3W-2Z 5 
2z 3 -2t0- 1 z*-2*0- 2 z 5 



w;- 1 ^ — w 2 ^ — w~ z tP 
w- l z* — tiT" V— -w-Zz 6 



w -z--w- 1 z 2 )w 2 —2wz—z 2 + 2w- l z s + w- 2 z*(w—z-~w- 1 z 2 
w 2 — wz—z 2 

— wz+ 2 t0"" 1 z 3 +«0~ 2 z 41 

— wz + zt + w^z 3 

Z 2 -|-20- 1 Z 3 -4-t0- 2 Z 4 
Z 2 -ft0~ 1 Z 3 -4-10~ 2 Z 4 

Putting now, in this last quotient, a? 4 for w, and y* for z, it 
becomes #$ — yi — x~tyi, as before. We may further remark 
here, that even negative exponents might have been avoided 
in the work, by multiplying the original dividend and divisor 
after the change here recommended, the former by #> 3 and 
the latter by 10, taking care to divide the second quotient 
when found by w, because the dividend will have been taken 
w times what it ought to be. By applying this method, the 
foregoing dividend will be 10 6 — 3i0 5 z + 5w s z 3 — 3wz 5 — z 6 , 
and the divisor will be 10 2 — wz — z 2 . It is here seen that the 
powers of z in the first expression will ascend regularly by 
unity, when the terms Oz 2 and Oz 4 are supplied, and that the 
second is complete as it is. We may therefore work by de- 
tached coefficients only, as follows : 

w 2— w —\ ) w 6_ 3w ,u + +.5«0 8 + — 3i0— 1 ( 
or still more simply, thus : 
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1-1 — 1)1 -3 + + 5 + 0-3-1 (1-2-1-1-2 + 1 
1-1-1 



-2+1+5 
-2+2+2 


-1+3+0 
-1+1+1 



2-1-3 

1-2-2 



1-1-1 
1-1-1 



1-1-1)1-2-1 + 2 + 1(1-1-1 
1-1-1 



-1+0+2 

-1+1+1 
-1+1+1 
-1+1+1 



We have now to introduce the descending powers of w into 
the terms of this last quotient, which then becomes w 2 — w— 1. 
Into these we have further to introduce the ascending powers 
of z; the quotient then becomes w 9 — wz — z 2 . Lastly, we 
have to divide this by w, the extra factor introduced into the 
dividend at the outset; we thus get to — g — w _1 z 2 for the 
true quotient; and replacing w by xl and z by y*, we get, as 
before, the answer in the book. 

From the three different ways in which the work of the 
foregoing example has been presented to the learner, he will 
readily perceive the great advantage of exercising a little 
address and ingenuity in dealing with complicated algebraical 
expressions. He will look in vain for simplifications like that 
above in the books ; and if he wish to be thoroughly master 
of his subject,, he must cultivate the habit of thinking for 
himself, and not deliver himself implicitly up to the guidance 
of formal rules. We would recommend him now to return 
to the first of the examples in the present article,«and to 
solve them all conformably to the method here exhibited, 
avoiding fractional and negative exponents throughout. 
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REDUCTION OP SURDS.— Page 152. 

[1] 5^72 = 5^/(8. 9) = 10^9. 

[2.] y(ax» + &*«) = ^* 8 (o + 6* 8 ) = m v 3/ (a + ft* 8 ). 

[3.] */7(fl*-a*x) = ^7a 8 (a a -a*) = ay7(a»-aar). 

[4.] V 7 « 8 = « V f a *= a V 49 « = J* -/35a. 

[6.] -/45a 8 * 7 = J{9.5a 2 ax«x) = 3a* 8 -/5aa?. 

L J v 4(a — #) * v (a— a:) 2 2(a— ar) x ' 

[9.] */a* + »s 2 »> ss ^/a m a n x 2m = as 2 !J/a». 

■! + • 2 

MAI A*/**' «*«*" / a \*«/ 

[10.] y_ = ^ r =( i ) -/«•. 

[12] v / (3a 2 a?4-6a6a?4-36 2 a:) = V(a 2 + 2a6-Hft 2 )3a? = 
(a 4- 6)^3*. 



Addition and Subtraction op Surdb. 
Page 154. 

[1.] v /28=^(4.7) = 2^/7, and ^63=^(9. 7) =3^/7; 
. a /*« ^2v/63 = 6^7 + 6^/7 = 12^7. 

_/3l 2 IN 15-4 11 
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[3.]V'27= ^(9.3) = 3 -v/3, and -/48=* -/ (16*3) = 4^3, 

and </147 = </(49.3)= 7 -/3, and ^75= v f (25.3) = 5-/3; 

•. y/27-f v/48-f yi47-2v / 75=(3+4 + 7-10)< v /3=4-/3. 

[4.] <s/9a z= 3 v 'a; .-. 2a? </<* + 3 a?-/9 a— 10* </« = 
(2a? + 9a?— 10a?) -/a = a? v"a> 

[5.] 3/2a*x* = ay2a*x*, and y2a*x* =x*/2a*x*; 
.-. 7a?^2a 6 a? 2 + 5a^2a*a? 6 ^3aa?4/2a 2 a? a = 

(7aa? + 5aa? — 3aa?)y2a 2 a? 2 = 9aa?y2a 2 * 2 . 

[6.] ya 8 & = flv(4 and -s/aft 8 = b^/ab;' 

,\ y/a s b + \/ab s — b y/ab = (a+ 6— 6) v/a& = « */<*&• 

[7.] y48aH 2 c* = 2ac i/ZJb y and v^c 2 = Cy/b; 

.\ y&aWci-aJb&^WZ-YiacJb. 

>.] ^72 = ^(8.9) = 2 ^9, and \/\ = >>/- = J J/9 ; 

.-. y72-3\/| = (2-1)^/9= ^9. 

L 9.] VJ = VV 5 = |vi5,and VJ_ Vg-J^l 
[10.] ^/12= v / (*.3) = 2^3, and ^27 = ,/(9.3)=s3./3, 

(|_l+12_J),/3 = ll±y3. 

L"-J\S6«/ "iW '""'iJUcV -3c\36/ ' 
and (l*f-V - (**$ - ?r— V 
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. /32a g \£ (ia*M /16«»U ft* * _ a V 4a V - 
' ' V 36*/ ^VSIM/' U26V ^U+Sc 6/V36/ ~" 
/a x \ /4a 2 U 
\b + 3c/ V 36/ ' 

[12.1 v/80* 3 = ^(16. 5a; 8 ) = 4x </5x, and </45* s = 
... (a — a?)-v/5«-|- v^Os 3 — */*£*? =='(a-- tf+4s— 3x)y/5x = 

t 13 '] \/j = }<A andVr 6 = iv/3, 
and */27 = ^(9.3) = 3 -/3; 
.-. 8^/| -2\/f 6 + 3^7 »(4-j+ 9)^3 *= 12^3. 

[14.] ^4a* = ^2a; .\ 6y4a 2 + 2 J/2 a = 8^2a. 

[15.] -/8 = 2v/2, ^18 = 3^2, ^72 = 6^2, 

.-. 4^8-3^/18-5^2 -f v /72 = (8-9-5 + 6) v /2 = 0. 



Again, VJ_ Vg-JvlV ^=< 5 = -^l 5 ; 
... -yi5 + 2V 5 3 -VI = (-l+I-^)v/l 5 = • 



-1>. 



Multiplication and Division of Sdeds. 
Page 155. 

[1.] ^2x ^3 = 2ix3* = 2Jx3'=(8x9)l= #72. 
[2.] ^2x Vi = 2*x (J)*-2»X (J)*- 
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(l6 'ifY* == ^432 ' and the reci P rocal of this " ^ 432 ' 

A 8 TableB of powers and roots seldom serve for exponents 
so high as 6, the final result in Ex. 2 should be regarded as 

6/4 
>y - = -y*8, as it is more easy actually to compute this 
o • 

than the equivalent expression for it given above. 

. [4.] ^2 X V§ X ^3 = 2*(g)*3l= (4^-27)* = * 
«/36 = J/6. 

-. . 5 ^18 K yi2 K 12| »/12* «/l 

this is .the same in value as the expression just deduced. 

' ••• (V2- 2 ) + JVg = 1 - 5 (v / 15-2 v /30). 
[9.] (y6 + v '2-/V^|)^6 = 6 +v /12-^(6«x|) 

= 6+2y3-.^(6*x3 2 ) 

= 6 + 2^/3 -^18. 
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[10.] i(18)*(2)» = $(18.8)* _ $(6.3.4. 2)> = |^12; 
and i(8>*(2)« = i(8.4)* = i(2*.2)» = *^2; 

••• (i v'18 + 1^8)^2 = i(^12 + #2). 

... (^18 -2^45) -5- ^/3 == ^6 -2^5. 
Jy(8.S0)-J"y«0i 

-(SMTP-i*-". 

4 2 

and = of this is 5 yi800. 

rui /«V.& 2 * 2 .*y 2 \£ „ _ At . 

The number untfer the radical sign, in the result of Ex. 12, 
is 8 x 225 =-2 s X 15* ; so that this result may be replaced 
by -f y/2 yi5, which is -more readily computed by tables than, 
the form above. It is in like manner easily seen that the 
number under the radical sign, in the first form of the result 
of Ex. 7, is 12 2 x 3 s ; so that that form is immediately con- 
vertible into J y 12^3. In examples belonging to the 
present article, the object always is to express the results in 
forme, each of which shall involve but a single radical sign ; 
but, as in these two instances, the actual computation of such, 
results will often be facilitated by converting them into forms, 
each of which shall involve two or more radicals of lower 
degree, whenever the change is possible. 



digitized by 



Google 



DIVISION BY BINOMIAL 8UBDS. 119 

Division by Binomial SubDs. — Page 157 

p.] 

3 3(y/5-v7) 3(^5- y/7) 3 
V5 + S7= 5-7 = =2 =a (,/7 ~^ 5) - 

r2.i * ,. _ a (^*+ ^y) . 

3 + 2-/7 (3 + 2y7)(-v/7 + 2) 20 + 7-/7 

^ ^7^-2 - 7-4 3 

^1 ^3 + 1 (^/3-H)(5+y/3) 8+6^3 _ 4-f3y/3 
LJ 5-^/3"" 25-3 "~ 22 "" 11 

. 2^/3-5 _ (2^3-5)(5+2y/3) -13_ 
LJ 5-2^/3 ~ 25-12 "" 13 ~ 

r8l a ^ a(^H-yy) ^ a(y^-fyy)(^+yy) 

. , 2y/5-3y/2 _ (2,/5 - 3^/2) (2^/2 - 3^/5 ) _ 
L • J 2^2 + 3^5"" 8-45 "" 

13^/10-42 

_— _^__ _— __ • * 

37 

Via] VJ * (3V3+2y 2 )V| 

3^3-V2 = 57^1 = 

i3 19 • 
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(3 y/3v/g ^2^/10)^3 _ 9y/5-f 2^/30 
13d -40 "* 95 

and numerator and denominator of this divided by 5, gives 
the expression before obtained. 

nil _I__*2±1 ] >/S+>/2 

L 1#J v^-1 ~ 1 ' ^3-V2~ T ' 

1 _ 2 + y/3 

2-^3 1 : 

the sum of these is 2( </2+ ^3) + 3, and 2( v/2 + ^3) sub- 
tracted from this sum leaves 3. 

[12.] Reducing to a common denominator, 
y/3 + 1 >/3-l (*/3 + l) 2 -(,/3-l)« _4y3_ ' 

v/3-r^ + l" 2 ""2 -^* 



Square Boots .of Binomial Surds. 
Page 161. 

The formula for the solution of the examples in this 
article is, 

i3i which c is put for \/(a 2 — 6). 

p-] • . • " 

•(7 + 2 •W) - •(T + •*<>) = 
V 7 + v /(49-,0) + ^7^(4^0) = ^ ^4 _ 

^/«W2. 
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[2.] ^(16-^-87) 

_ ^16 + ^(256-87) _ a /J6- ^(256-87) 

[3.] 

*/ (W5) = v*±4tzfi-_ v t=^a 

2 2 

= V^+ V^i-*=l+iv/7=i(3+ v /7). 

[6.] 
l|+3\/| = y + |^2 = |(H + 6y2); and ^(11+6^2) 
= ^/ U +v /(121-72) + / 11-^(121-72) 

• = V 1 -^f- T + V^=y9W2 = 3 + v /,; 

and this multiplied by -j= = g-^ , giyes 

3 + 1 - 3 /2 + 
2~72 + 2--i^ 2 + 2 



G 
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[7.] 

„ a/ 135 jV (j3g 2 -25 : 405 ) _ ^ 135- v /(135 2 -2g.405) 
and this multiplied by W7KZ> £* ves 

= |(3-5 Vg) = |(3-^5); and 

V2 1 

5, that is, by •« v% giyes 

5 ( y/5 — 1), as before. 

t 8 -]ii+^r 5 =r 5 ( 4+ ^ 15 )' and 

and this multiplied by \/f£> gives 
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[9.] y{ W+ y(m»-«»)}= V^ + V^ 

[10.] 
* + 2 ^*y +y = ( v/*) 8 + 2 y*y + ( yy)* = ( >/* + v^y)* ; 

.-. ./(* + y + 2 y/xy) =sjx + y/y. 

[11.] * + 1 - v/(*« + 2) = i{*» + 1 - * */(** + 2)}; and 

. v '{* , + l-*v/(* , + 2)} 

_ A/ ai8 +l+ ./(** + 2*» + l-* 4 -2a;») 
_/y - 

A / s»+l-^(x«+2*»+l^*«-2a») /a+2 x 
this, multiplied by — r , gives 

y/X 

^TT ~ Vf - i ^ + 4 *> - 2" ^ 

[12.] v /{3flin-2m v /(3wn-w 8 )]s 

A /3mn + V(9w 2 n 2 - 12m 8 n + 4m«) , 
V 2 

^ / 3mn - ,/(9 m*n* - 12 w 8 n + 4m*) • * 

_ / 5m»+ Smn — fl* 1 /3mn — 3mn + 2wt 2 

= y(3wn — iw 8 ) — m. 



Imaginary or Impossible Quantities.— Page 166. 

[L] -.3^-5 [2.1 2-^-3 

- 2^-6 y/-7 

-6./30. 2,/-: 7+ y/21 . 

G 2 
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[3.] [4.]* 

2+3^-2 a+bj-l 

3-2^-1 c+dj-l 



6 + 9^-2-4^—1+6^2 . ac+(bc + ad)</-l-bd. 
, . 3^-7 6 A /-7, 3 /7_1 

rgr 2y/-g 2 ./5 2 . 

r71 2+^-2 _ (2+ v /-2)(3+y^-3 ) . 
L'J 3-y-3~ 9 + 3 

= i(6 + 2y-3 + 3y-2-^6). 

ro -i * + •-» _ (* + /-2)(2 + •-«) 
L°-J 2-v/-3 4 + 3 

= J(8 + 2y-2 + 4 v '-»-y6). 

rai 3 + 2 ^~ 1 (3 + 2y/-l)(3 + 2y -l) 
Ly ' J 3-2^-1= 13 

nm « + 6^-l _ ( a + bS-l)(c-dS-l ) 

_ ac + bd+ {be— ad) */— 1 

c^+d* .* . 

[11.] (a + &,/-l)»=u»» + 2a6./--l-6 il . 

[12.1 y(« + 6y-l) 

db^±Q + V "- ** +M > . by 160, Algebra. 



=$ 



2 
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QUADKATIC EQUATIONS 

.'involving only one unknown quantity. 

Page 176. 

[1.1 Transposing, a? 2 — 5a?= -r- 6 ; 

/5\ 2 25 1 

completing the square, x 2 ~5x + ix\ = — — 6 =* i > 

extracting the root) a? — ^ s ± -; .% a?= — ^=- = 2 or 3. 

[2.] Completing the square, a 8 — 2 a* + 1 = 1 6 ; 
extracting the root, # — 1 «= ±4; .•. a?= 1 ±4 = — 3 or 5. 

[3.] Transposing, * 2 --a? = ^ 

, . , « 1 1119 

completing the square, a? 2 -*- §■*"*" 16 = 2"*" 16 s5 16 ' 

. , 1 3 1^3 1 - 

extracting the root, * — 2 = ± j ' •"" * ^ 4 — I s- '9 ° 

' [4.] Dividing by ,6, ** + |* + g = 0f • 

9 $ 1 

transposing, a^ + g# = — =; 

v , : , 5 /5\ 2 25 1 1 

completing the square,, a? 2 + -^x + ^ ^ U4 ~ 6 = 144 ' 

extracting the root, a>+ r^ — — J2 ; 

5±1 1 1 

. .:.*= _ =s - B or- § . 

[5.] Multiplying by a?, a; 2 - 2 + 6 a; = U ; 
t«msposing, a? 2 + 6ai=i6; 

completing the square, * 2 + 6x + 9 = 16 + £ = 25; 
extracting the root [x + 3= ± 5 '; l\x = — 3 ±0 =2 or— 8, 
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[6.] Multiplying by a?, 4a? 2 = 36 — a? + 46a?; 

transposing; . • 4a? 2 — 45 a; = 36; 

45 
dividing by 4, a? 2 — T « = 9; 

4 

, .. .. 9 45 , /45\ 2 , 2025 2601 

completing the square, * 2 — ^-a?+ [j ) =9 + -g^- = -gj-; 

extracting the root, * — g- = V "gl" 38 ^f > * 

• 45±51 10 3 

.'.*= b set 12 OX — r- 

o 4 

[7.] Multiplying by a?, 3s 2 — 169 + 3*= 29a?; 
transposing, 3a 2 — 26a? =169; 

a • m- u * • 26 169 

dividing by 3, * a? 2 — - a? = — ; 

- .. 4 . . 26 /13\ 2 169 , 169 676 

completing the square, a? 2 — ~ # + ^- j = _+_= _• 

* *• J * 13 a/676 ^26 

extracting the root, *"3 = Vt :s± I' 

13±26 1Q 13. 

.-. a? = — _=13or- J . 

t 

A little work might have been saved in this example from 
observing, in the step that completes the square, that 



m^-^t- 



The learner will notice that we have put the double sign 

within the vinculum in the last form, but not in the preceding 

13\ 2 
one. Why should not the preceding form be written / ±-~ ) ? 

And* if the double sign be inadmissible here, what claim has 
it to be introduced into the form stated to be the equivalent 
of the preceding expression 9 

These are very proper questions to be put, and the leattier 
has a right to expect satisfactory answers to them. We reply 
as follows :«■— 
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The square has been completed by adding ( — —-j to each 

side of the equation : the result of the operation indicated by 

169 
the exponent is to.be added to the -5- on the second side of 

3 

the equation : as this result is plus,, there is no necessity to 

13 
encumber the - within the vinculum with the minus sign 

that really belongs to it ; though, if the square root of the 

result spoken of were to be taken, it would be wrong to 

13 
write that root otherwise than — 5- , since we are pre-informed 

3 

that the result arose from squaring the number with the sign 

■J q 2 

minus before it. When, however, the result of f — ^ ) is 

169 
added to another number, •—, we get a new number : and, 

o 

in reference to this, nothing is stipulated or declared as to 

the sign of its square root ; it has not been- generated from 

any proposed root as the — - incorporated in it was ; and, 
y 

therefore, our business is simply to state from what root it 

may bo generated, and it is clear that it may be generated 

either frdm the root ~ , or from the root — - . There is 
3 3 

nothing here, as in the former case, to exclude one sign any 

more than the other ; und this is why the ambiguous sign in 

(± -r] is introduced. In stating that (-^\ +-«-s=f±; -rj, 

we merely affirm equality as to result; nothing is ever Implied 
in the sign = as to the generation of the quantities between 
which it is placed ; its office is limited to declaring an equality 
of resulting values. (See page 6$, Algebra.) 

[&] Clearing fractions, using the L. C. M. 4 X 9. 
9ff 2 -12* = 4a; a -288* + 2889; 
transposing, k 5x 2 +276* = 2889; 
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,. ... . - „ 276 2889 • 
dividing by 5, a; 2 + -£-* = — g— $ 

completing .the square, 

% 276 • /138\ 2 _2889 19044 33489 

x ^. iL x 138 A 733489 , 183 
extracting the root, a?+ "k - ^ V " oe " = ^ -*-'> 

\ -138 ±183 . _,1 

,:a?= — — = 9, or — 64^ • 

o o 

[9.] Clearing fractions by multiplying by 20, the L.. C. M. 

of the denominators, ' 

10a? 2 -f 10a?=n:4a? 2 — 2a?+13; 

transposing, 6 a? 2 -f . 12 a? = 1 3 ; 

13 
dividing by 6, a? 2 -f 2a? = -^- ; 

completing the square, 
extracting the root, 

.•.ar=-l ±2^114. 
o 

[10.] Multiplying by a? + 1, 

4*^+4*?- 14+a?s=14* + 14; 
transposing, 4a? 2 — 9a? sa 26; 

9 
. dividing by 4, a? 2 — ~. x = ^ * 

completing the square, 

, 9. /9\ 2 n 81 529 
^^^+(8) =7 + 64 S= -6T ; . 
extracting the root, 

9 A /529 ^ 23 

a? -8 = y-64 =± 8 ; 

9±23 A ,3 

,\ a? = — ^— =4 or— l-:- 
o 4 
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[11.1 Clearing fractions, 

6s- 8 + a; 2 - 6a? + 8 = 18a?- 72; 

transposing, a; 2 — 18 a? = — 72 ; 

completing the square, 

a? 2 _18a? + 81 = 81-72 = 9; 

extracting the root, 

a? — 9 = ±3; .-. a? = 9±3 = 6 or 12. 

[12.1 Clearing fractions, 

6^ + 16a?-70-f 8a 2 — 20a? — 7a? 2 -35a? = 0; 

transposing, 7 a; 2 — 39 x = 70; 

39 
dividing by 7, s 2 — =-# = 10; 

completing the square, 

9 39 /39\2 • Ai 1521. 3481" 

. , * 39 A /3481 59 

extracting the root, a?— -j = /y -^r =± jj 

39 ±59 _ 10 



, a? = 



-U-= 7 '° r ~7 



[13.1 Clearing fractions, 

lla?-a? 2 -24-4a? + 22 = 2a; 2 -10a?+12; 

transposing, 3a: 2 — 17a? = — 14; 

17 14 

dividing by 3, a? 2 — _ a; = — *^\ 

completing the square, 

* 17 /17\ 2 289 14 _ 121 
*—$ x + \e) =19- 3"" 36 ' 



extracting the root, 



17 A /12J 11 

—* = **-& = * f^ 

17±11 ' ■ *S 
— -si, or4g« 



.\ *=• 



6 
G 3 
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[14.] Transposing, -/2a? = 42 — 2x; 

squaring, 2a?=4(21-a?) 2 =4(441 -42a?+a? 2 ); 

/. «s 882 — 84* -J- 2a? 2 ; 

transposing, 2 a? 2 — 85 a? = —882; 

85 
dividing by 2, a? 2 — -^x = — 441 ; 

completing the square, 

. 2 85 fi5\^ 7225 ... 169* 

extracting the root, 

85 . /169 ^ : 
*"4 SSS 'V T g=±- 



13 

4 ; . 

85±13 1Q 1, „ 
*=— -j— =18, or 5 (-7)» 



4 ' ~2 V 

^ 49 

The second of these values is, in result, the same as jr : 

2 

but if this be substituted for x in the* proposed irrational 

equation, it will not verify that, equation, although it satisfies 

the rational equation deduced from it, and which, in fact, is 

the equation solved. The irrational term */2x in the given 

equation has but a. single value, namely 42 — 2 x ; but the 

rational equation derived from it would have been the same 

if the proposed had been </2x= ±(42 — 2 a?): the given 

equation is, therefore, more restricted than that actually 

49 
solved, the restriction being such that — in the rational 

(—7)2 
equation must be limited to the form - g ■ in the irrational 

equation. If each of the two roots, as above exhibited, be 
•put for x in the proposed equation, we have, 

^36 = 42 — 36; thatis,6 = 6; 
and </(-7) 2 = 42-(-7) a ; that is, -7= -7; 
bo that the equation is verified for both values of a? : but if 
v/49 had been taken with* a plus sign, it is plain that the 
condition would not have been fulfilled. The learner must 
always bear in mind that the values of x obtained for irra- 
tional equations, as derived not from solving them, but from 
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solving rational equations deduced from them by involution, 
cannot be safely regarded as satisfying the original equations 
without some such modification as that above, and therefore 
• that the values so derived should be always tested by the 
actual substitution of them in the proposed equations. 

The equation which has given rise to these remarks may 
be otherwise and more easily and explicitly solved thus : — 

Put y for v^2#,'then the equation is y 2 + y = 42 ; 

completing the square, y* + y '+ -. = 42 + r <= - ; 

1 /169* 13 

p extracting the root, ^ + 2 ^ ^ "f =± 2* 

-1±13 * 

•'• y= — 2 — = ' or "^ ; 

.-. y 2 = 2* = 36,or(-7) 2 ; .-. a=*18,or |(^7) 2 . 

Here the results are given at once in the admissible form, 
because the unambiguous character of the radical </2x has 
not been obliterated by first squaring it, and then solving the 
.deduced equation, as in the former method; and whenever 
we .proceed in imitation of this plan, the final results will 
always preserve the necessary restrictions. 

72 

[15.] * 2 + Jx = - , or **+ </* 8 = 72. 

x 

Treating this equation after the manner of the second 
solution of the last, that is, putting y for */x z , and conse- 
-quently y 2 for a? 8 , we have, y 2 + y = 72 ; 

* 1 1 289 

completing the square, y 2 -fy-j-j = 72 + 2 :=: ~7"5 



1 /289 17 • 

extracting the root, y+ 2 =i/ Vx ==± J ; 

— 1 + 17 
.-.y=— i^-=8,or-9; 

.-. y 2 = ** = 64, or(-9) 2 ; ... a. = 4,or »/(-9) 2 ; 
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and both these forms satisfy the proposed Irrational equation. 
The learner must thus see the advantage of solving irrational 
equations, without first rendering them rational in the usual 
way, whenever the means of doing so suggest themselves, as* 
he is thereby saved the trouble of putting the results to the 
test by actual substitution. 

[16.] Multiplying by 20, 12 y/x -40 = x - 5; 
t transposing, x — 1 2 */x = — 35 ; 

putting y for ^/x, and consequently y 2 for x 9 

y 2 -12y=-35; 
completing the square, y 2 — 1 2y + 36 = 1 ; * 

extracting the root, y — 6 = ± 1 ; « 

.-. y = 5 or 7; .-. y 2 =zx = 5 2 or 7 2 . 

These forms show that for the proposed equation to be satis- 
fied, y/x must be either plus 5 or plus 7, not ±5 or ±7. 

[17.] This equation is obviously the same as 
(^*) 8 -3^*-(v'*) , *-0i 
or, dividing by y/x> it is, (\/#) 2 — >/sa*2; 
putting y for v /#, it is replaced by y 8 — y = 2; 

119 

completing the square, y 2 —y+ 2 = 2 + 2 = 1; 

1 3 

extracting the root, y — 5 = ± 5 ; 

.-. *= -3- =2, or -1; ...,yW=2«, or (-1) 2 . 

[18.] Dividing by y/x we have, 

.V*) 4 +U*) 2 = 6; 
that is, x 2 +x=*6; 

completing the square, 

1 , 1 25 

* 2 + *-f-=6+ i = i -; m 

1 5 

extracting the root, a? + - = ± « ; 

.-. o?= — = — =2,or-3. 
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"[19.] Put V4^r= y. the * Vv l =-i 

LJ v #+ 1 *' v 3a? y 

and the equation is y — = 2; .\ y 2 — 2y = l; 

y 
completing the square, y * — 2 y -f 1 =.2 ; 

extracting the root, y — 1 = y/2; .;. y s= 1 ± -/2 ; 

•'• y*=TT\~ < X ± *"2) a = 3±2 v/2; 
,\ 3tf=3*+3±2a? v /2±2 */2; 
.•/±2*-/2=-3^:2 v /2; 

-3 + 2^/2 * 3 



±2v/2 7 ^2^2" 

Q • Q 

— 1+ 7 -/2, or, which is the same, — 1 ± r </2. 
4 *4 . 

[20.] Putting y for a? 8 , the equation is replaced by 

y 2 -7y = 8; 

, . . * » ±9 o 49 81 

completing the square, y* — 7y + -j- = 8 + ~ = — ; ♦ 

7 9 

extracting the root,' y— 5 = :t s> 

7-4-9 
.-. y=s — "^- =8, or — 1; .\ a? 3 = 8, or — 1] .\a?=2,or — 1. 

[21.] Actually dividing numerator by denominator, the 
equation is */# — 2=:#— 8; 

that is, putting y for -/^ and transposing, 

1 1 25 

completing the square, y* — y + 2 = 6+T=-7; 

* 1 5 

extracting the root, ' y — g = ± * ; • • 

* .-. y = ^ = 3, or -2; .-. y*= * = 3», or (-2)«. 
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[22.] Add 1 to both sides, the equation then becomes, ' 

(2* 2 +l)+v/(2* 2 + l)=12; 

that is, putting y for </(2x 2 + 1), it is y 2 +y = 12; 

1 1fl 1 49 
completing the square, y 2 + y + j ^ 12 + £~ T" ' 

1 7 

extracting the root, y + ^ = ± g ; 

...y= 1 -=^ = 3,or-4;.-.y« = 2^ + r = 3 2 ,or(^4)2. 

We therefore have now to solve the two equations, 
2# 2 = s 8,and2* 2 = (-4) 2 — 1; 

.\ x = *± 2, and * = a/ ^q "~ 1 

A 

This last value is, in its result, ± ^ <v/30, which, however, 

must be considered as generated from the form here exhibited, 
in order that the proposed equation may be verified. Under 
thift restriction as to the way in which the final result is pro- 
duced, the expression for 2* 2 -f 1 is ( — 4) 2 ; and the first 
member of the proposed equation is therefore 15* — 4, which 
is equal to the second member. 

[23.] Multiplying by >y -, the equation becomes ' 

(x + a)x . v " o • 

- — =(# — a); ,\ # 3 -f a# = aa; — **; 

,\ # 2 = — tf 2 ; .-. x=±aj— 1. 

[24.] Put y for v^*, then y 2 — 2ay = 6;- 
•completing the square, y ? — 2 ay + a 2 = a 2 + b ; 
extracting the root, * y-^a= */(a 2 + 6); 

\-. y = a±v / (<* 2 + &); .-. y 2 = a?«! = ^a±-/(« 2 + ft)} 2 ; 

.-.a?=:{q±y(a 2 + 6)}*. 
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[25.] By the principle at page 113, Algebra, 
-v/(« a — a 2 ) a? — a 
"""" x-\-a y 



squaring; 



i. 

x 1 — a* /x — a\ 



1 _ /x — (l\* 



dividing by x — a, and clearing fractions, 

(* + a)* = (*--a)tf*...(,i) ; 
that is, a 3 + 3ax*+ 3a?x + a 8 = a? 8 — ax 2 ; 
transposing, 4a# 2 + 3a 2 a?= — a 9 ; .\ 4ar 2 + 3a# = — a 2 ; 
dividing by 4, and completing the square, 

Q 3a /3a\ 2 9a 2 9 '55 a 2 

extracting the root, a + ^ =s - -v/— 55; 

O | 

' .-.^(-s+vZ-ss). 

These are the values of x deduced from the equation [-4] ; 
but this has arisen from dividing the equation which precedes 
it by x — a ; so that if the factor thus removed be restored, 
the equation \A\ after transposition, will then be 

{(x + a)* - (* — a)* 2 } (x - a) = 0. 

This is of course satisfied, whichever of the two factors in the 
first member be equal to ; the first of the two becomes 
for the values of x just obtained ; the second becomes for 
x = a : therefore the original equation is satisfied for this 
value of x, as well as for those values found abo^e. 

Whenever a factor, involving the unknown quantity, is 
removed from an equation, whatever values of the unknown 
are furnished by equating that factor to zero, belong also to 
the unknown in the original equation ; and if a factor in- 
volving the unknown be introduced into an equation, and the 
equation be solved with this foreign factor incorporated, such 
of the roots as belong to the factor, when equated to zero, 
must be rejected as not belonging to the original equation. 
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[26.] This equation is the same as* 2 — 5=- (#+5); 

dividing each side by #-f 5, but remembering that as this is 

a factor containing x> the value of x which renders it must 
be a root of the equation, we have 

*-|=:^ .-. 3**-2*=:3; 



dividing by 3, 


**-$ x= 


= i; 


completing the square, x 2 - 


-l*+\=i+l= 


10 
! 9 ; 


extracting the root, 


—i- V 1 - - 
3 ^ 9 


-Jvio, 


,\ a?= 


= |(l±^10); 





also, by equating to zero the factor suppressed at the outset, 
2 2 

therefore the values of a? which satisfy the proposed equation 

2 1 

are -1- 5, and 5 (1 ± -/10). 

[27.] Put y for -t'(*+21), then the equation is y 2 +y== 12; 

1 1 49 

completing the square, y*+y + 3 = 12 + j = — ; 

17 . 

extrdlbting the root, y -f- 5 = ± -; 

.-. y = ^I = 3,or-4; .-.^ = (*+21) = 3S or (-.4)*; 
.-. x = 3* -21 = 60, or (- 4)« - 21. 

This last value is 235; but in or£er that it may satisfy 
the proposed equation, it must, when increased by 21, be 
regarded as produced from ( — 4) 4 . 



Digitized by 



Google 



QUADRATIC EQUATIONS 137 

[28.] Adding 5 to each side, the equation becomes 
a?* — 2a: + 5 + 6v'(a? 2 -2a? + 5) =16; 
that is, putting y 2 for x 2 — 2x + 5, y 2 + 6y = 16 ; 
completing the square, y 2 + 6y 4- £ =25; 

extracting the root, y -f 3 = ± 5, ,\ y = 2, or — 8 ; 

.\y 2 =:a! 2 -2*! + 5 = 4, or(-8) 2 ; 
taking the first of these values, we have 

s 2 -2* = -1.. .(A); 
completing the square, a? 2 — 2 a? + 1 = ; 
extracting the root, a? — 1 — ; .*. a; = 1 ; 
taking the second of the above values of y 2 , we have 

* 2 -2*=f-8) 2 -5 =5P. ..(B); 
completing the square, x 2 — 2 a: + 1 = 60 ; 

extraotingtheroot, a?— 1 = -/60 = ±2^/15; .-. «=1 ±2</15. 
In reference to the last pair of values of a?, it must be 
observed, in virtue of the condition (J?), that they cannot 
verify the proposed equation except under the restriction 
that x 2 — 2x + 5 be regarded, not as 64, unconditionally, 
butas(— 8) 2 . 

[29.] Adding 9 to each side, the equation is 

2a? 2 + 3aJ+ 9-5y / (2a; 2 + 3a? + 9) =6; 
that is, putting y* for 2a; 2 + 3a? + 9, y 2 — 5y a* 6; 

*^ ^ * * 25 ■ • 25 49 

completing the square, y 2 — 5y + —■ = 6 + — = — ; 

4 4 4 

5 7 5±7 

extracting the root, y — x = + « ; .*. y = — «- = 6, or — 1 « 

.-. y 2 = 2a? 2 + J3a? + 9 =; 36, or (- l) 2 ; 
taking the first of these values, we have 

2a;' 2 + 3a? = 27. . . (A)? 

dividing by 2, a? 2 + g« = - ; 

i *: ±v t , 3 . 9 27 9 245 

completing the square, a? 2 + ga?+ - =* — + -_ = _ ; 

'extracting the root, x + j = V^* = ±j\/5; 

.••* = ](-3±7v'5); 

s 
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taking the other value of y 2 , we have 

. 2* 2 +-3a?:=(-l) 2 -9 = -8... ( B ). 

dividing by 2, x 2 + -a; = — 4 ; 
completing the square, x*+ ^x + - = - -4 = - - ; 
extracting the root, * + j = \/— — = ± -</— 55; 

.%«» 1(- 3 ± */--«*): 

And, in substituting this latter pair of values in the pro- 
posed, the condition [2?] must be observed, otherwise the 
equation will not be satisfied; that is,2a? 2 -f3a? + 9 must "be 
regarded, nol as 1 unconditionally, but as (— > I) 2 . If the pro- 
posed equation were rendered rational by involution, the roots 
would answer to the rational equation without any restriction. 
That equation would be one of the fourth degree, and this is 
the reason that there are four roots or values of x\ it being 
a general principle that the number of roots of a rational 
equation is always equal to the number of its degree. 

[30.] By transposing, -/(4a; + y/lx + 2) a 1 — 2,/a?; 
squaring, 4a? + <S(7x + 2) = 1 — 4 v / a? + 4a? . . . (1); 

.% •(7« + 2) = l--4 v /*; 
squaring again, 7 a? + 2 = 1-8-v/*+16oj .. . . (2); 

.-. 8\/* = 9# — 1; 
squaring again, 64a? = 81a? 2 — 18a?+l . . . (J); 

transposing, 81 x* — 82 a: = — 1 ; 
82 — 1 

dividing by 81, a; 2 — g- x = -^ ; 

completing the square, 

2 82 /41\* _ 1681 2. _ 1600 

* -"81* 4 " \81/ "" 81 2 ""81" 81 2 ' 

■**-*• a * 41 a/ 1600 j _ 40 

extracting the root, *""gi = V -gp = ±g\> 

41 ±40 - . 1 

•'••""si"" 1 "51 ' 
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As hi this example, it is the rational equation (A), and not 
the original irrational equation that has been directly solved, 
we cannot be sure that either of these values applies to the 
proposed, tilHhey are actually put to the test by substituting 
them each for x ; for it is plain that the equation (1) would 
have been just the same though the original had been 



and that (2) would have been just the same though the 
original had been 



v/(4*-V7* + 2)= ±(L-2^); 

and that (A), the equation actually solved, would have been, 
just the same though t he origi nal had been of either of the 
forms, . */(4tx+<\/7 x + 2) = ±(1 ±.2*/x) f as is ob- 

vious from -mere inspection. 

Similar remarks apply to irrational equations in general, 
when the .values supposed to satisfy their conditions are 
♦derived, as above, from the rational equations which result 
from clearing the radicals. These supposed values may all 
fail when put to the test of actual substitution in the given 
irrational equation, whenever the radicals iu that equation 
are unambiguous as to sign. The roots brought out may 
belong, some to one, and some to another, of the different 
forms got, like those above, from modifying the signs of the 
irrational quantities which enter the original equation. These 
modified forms, in reference to the original one, are called 
congeneric equations, a name given to them by the late Mr. 
Horner, who first invited the attention of English alge- 
braists to the failure of the supposed roots in certain cases; 
but the • circumstance had been previously noticed by the 
French analysts, Gamier and Francoeur, though nothing was 
done to furnish a satisfactory completion to this part of 
Algebra. The. writer of these remarks hopes that the illus- 
trations and explanations, given in the course of the # fore- 
going solutions, will, tend to remove all doubt and obscurity 
as to the correct theory of irrational equations, as far, at 
Jeast, as the subject can with propriety be treated in a work 
of this kind. 
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Quadratic Eqttationb solved by Rule II. — Page 179. 

There are a few examples given at page 179 of the Algebra, 
to be worked independently of the method of completing the 
square. 

This neat and compact mode of solution we would strongly 
recommend to the learner, as that which should always be 
employed whenever it is foreseen that fractions would be 
introduced by the application of Rule I. In all suoh oases it 
will save time and figures, and will thus diminish the risk of 
error in the w^rk. In the solution of the foregoing examples, 
the old rule has been uniformly applied, because long and 
universal practice has given a sanction and a eurrjBncy to it 
that renders it indispensable, in an elementary writer on 
Algebra, to present it in the fullest detail to his readers ; 
and, moreover, because a familiarity with the common method 
is of advantage to the clear understanding of this. In future, 
however, we shall alwayB apply to the solution of a quadratic 
the simpler process of Rule II., except in those comparatively 
few cases in which fractions cannot occur in the former mode 
oToperation f and even in such cases we shall sometimes use 
it, though no saving of figures may be effected. 

The solutions of the examples at page 179, according to 
the method here recommended, are as follow. 

[6.] By Rule II, the simple equation derived from this is, 
6*-2= v /(96-|-4)=:±10; 

2±10 • 1 

[T.] The derived simple equation is, 

10* + 7=^/(1320 + 49) =l /1369==± 37 i 
-7±:37 ^ 22 .2 



, *=• 



To---* €r -«- , -*5 



[8.] The derived simple equation is, 

2x-9=-/(-56 + 81)=*±5; 

•~- 9 * 6 :7,or* 



.2 
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[9.] The simple equation derived from this is, 
*-3= v / (7 + 9) = ±4; 

.-. a? = 3±4 = 7, or — 1. 

[10.] The simple equation is, 

12* + 5=^/(24 + 25) = ±7; 

-5±7 1 . , 

[II.]* The simple equation derived from this is, 
14a?- 3^= ^(21 + 9)= ^30; 

3±v/30 



« = ■ 



14 



[12.] The derived simple equation is, 

20 a? + ll = v/(120 + 121) = </241; 
-Jtl± J /241 
•'••*- 20 

[13.] The derived simple equation is, 

10a? - 7 = v4- 60 + 49 ) = •- 11 ; 
. „ 7±y^ll 
10 

The learner will perceive that the peculiarity of the fore- 
going method of solution which most strongly recommends it 
to general adoption is, that whenever fractions are absent 
from the proposed •coefficients, they must be absent from the 
entire process, for the work never introduces them : and 
sometimes even when fractions are present in the given num- 
bers, the first step of the operation converts them into inte- 
gers; as, for instance, in examples 9 and 11 above. 
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Questions to be solved by Quadratic Equations with 
only one Unknown Quantity. — Page 184. 

[5.1 Let x represent the greater number, then by the 
question, # — 9 represents the less : also, by the question, 

(2a; — 9)a? = 266; that is; 2 a? 2 - 9a? = 206; 
the simple equation derived from this by Rule II. ia> 
4a?-9=v/(2128+81)=*/2209 = ±47; 

.-.*= — — = 14, or -9-; 

.-. * — 9 = 5, or — 18^; 

consequently the two numbers are either 14 and 5, or — 9 £ 
and - 18±. 

[6.] Let x be one of the numbers, then by the question, 

41 — x is the other : also, by the question, 

a? 2 + (41 -a?) 2 = 901; 

that is, 2a? 2 - 82a? + 1681 = 901, or a; 2 — 41a? = - 390; 

.\RuleIL,2a?-41 = v /(-1560 + 41 2 )= v /121=±ll; 

41 ±11 t _ _ 
.-. a?= — — =15, or 26; 

.-.41 — x =26, or 15. 

Hence there is but one pair of numbers that can fulfil the 
required conditions, namely, the numbers 15 and 26. 

♦ [7.] Let one of the parts be x, then by the question, the 
. other part will be 20 — * : also 

20(20 -*)=**, or 400 -20*=a*; 
that is, by transposing; # 2 + 20a? = 400; 

.\ Rule IL, 2* + 20 = ^(1600 + 400) = 20 </&} 

-20 + 20^/5 , Aj _ t/v ,* 

.-.*= ~ —i_ = — 10± 10y5; 

.'. 20-*=30q:10 v /5; 

consequently, the parts are either — 10 +*10 v '5 and 
30-10v/5,or -10-10V5and30+10-/5. 
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[8.] Let x be the number of sheep bought, then by the 
question, a?- 15 is the number sold : also, by. the question, 

the purchase-price of each in shillings is , and the 

selling-price of the whole a?— 15 is, 

(^-15)(1^? + 2) = 1080...(^); 

multiplying by |, (* — 1 5) (600 + x) = 540 x ; 

4hat is, x* + 585 x — 9000 = 540* ; 

transposing, x 2 + 45* = 9000 ; 

,\ Rule II., 2x + 45 — </(36000 + 45*) = ^38025 as ± 195 ; 



• • 



-45 ±195 „ 1€lA 

* = 5 = 75, or —120; 



consequently the number bought was 75 ; the — 120, although 

satisfying the algebraical condition (A), being excluded from 

the nature of the question : also the cost-price of each was 

1200' ^ x . ,. 
-=l=- *., that is, 16«. 

[9.] Suppose there were * yards in the finer piece, then 

by the question, there were x -f 2 yards in the coarser piece : • 

also, by the question, the. cost of one yard of the finer, in 

18 
pounds, was — , and the cost of one yard 'of the coarser 

16 1 

— ~-t: the former. cost is stated to be 4s. or £s more than 
x + 2 5 

this; therefore 

18__16_ 1 » 

*""* + 2 + 5 ; 

• clearing fractions, 90tf+180 = 80# + * 2 + 2a?; 
transposing, x* — 8x = 180 . . . (A) ; 

.-. Rule IL, 2x - 8 = -/(720 + 64) = ^784 = ± 28 ; 

8 ± 28 iq in 

.•• a?= — = — = 18, or— 10; 

consequently tljere were 18 yards in the finer piece, and 
x + 2, that is 20 yards, in the coarser. The price per yard of 
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18 
the former was £ — , that is £1 ; and the price per yard of 

the latter was £ s , that is £^, or 16*. 

x + 2 20 

The solution of equation (A) in this example, seeing that 

no fractions can be introduced by completing the square, 

would have been fully as convenient, if not more so, by 

Rule I.; and although, as a general method, Rule II. is 

decidedly preferable, yet when no fractions are introduced 

by the other rule, it may be a little shorter to apply it as 

noticed at p. 140. By completing the square, (A) becomes 

.x 2 — Sx + 16= 196 ; .\ extracting the root x - 4 = ± 14, 

and x = 18, or — 10 as above. 

[10.] Let x be the number, then by the question, 

that is, putting y for i/x> and multiplying by 3, 
15y-9y 2 = 4; or 9y*- 15y= -4; 
.-. Rule II., 18y-15 = </(- 144 + 15 2 ) = ±9; 
15 ±9 4 1 
'•• y:= -l8- == 3' 0r 3 ; 
. 256 1 Ai . Q 13 1 

•'■ v = * = IP or Si ; th ** 18 ' 3 8i' or 81 ' 

[11.] Let a be the number of men,-ihen by the question, 
20 — a?*is the number of women : also, by the question, each 

man receives — pounds, and* each woman ^ ; but the 

*. 20 — ar 

former number is by the question 1 more than the latter; 

therefore, 

.24 24 , ,. x 

clearing fractions, 48Q— 24s=24# + 20a?— * 2 ; 
transposing; x 2 — 68a? ss — 480 ; 

completing the square, 

**-68x + 34 2 = 1156-480 = 676; 
extracting the root, x — 34 = ,/676 = ± 26 ; 
..*? = 34±26 = 8, or*60; 
.-.20-*= 12, or -40. 
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♦ These results show that the algebraical condition (A) is 
satisfied for either x == 8 or * *= 60 ; but the restrictions of the 
question forbid the latter value, because, as we see,. if 60 were 
admitted as tne number of men, then the number of women, 
to make the number of both together 20, must be —40, 
which is' absurd ; consequently the number of men is 8 
exclusively, and the number of women 12. 

[12.] Let one of the parts be a?, then by the question 
the other part must be 39 — x : also, by the question, 

a? 8 + (39 -a} 8 = 17199; . 
that is, by actually cubing, as follows, 
39- w 
.39- x 



351- 
117- 


39 a? 

39a; + 


a? 2 


1521- 
S9- 


78a? + 

X 


a? 2 


13689- 
4563- 


702x + . 
2340a; 
1521# + 


39x* 
78a; 2 -a? 8 



a? 8 + 59319 -4563a?+117a; 2 -a? 8 =:17199; 

transposing, 117 a? 2 — 4563a? = —42120.; 

dividing by 9,13a? 2 - 507a?=-4680; 

dividing by 13, a? 2 — 39 a? = - 360 ; 

.-. Rule II., 2x - 39 = ^(- 1*40 + 392) = -v/81 = ± 9 ; 

39±9 - K OA . 
,\ a?= — - — = 15, or 24; 
2 

and 39 — a? = 24, or 15; 

consequently the two parts are 15 and 24. 



Equations of the Third and Fourth Degrees. — Page 193. 

[1.] Multiplying by a?, a? 4 — 2x 3 + 3a; 2 — 2x = . . .(A); 
the factors of the first member are, 

x*±^(2x*-3x 2 + 2x) • 
=sa? 2 — a?±v/(— 2a? 2 + 2a?) ; ' 
= * 2 -* + l±*/(l); 

H 
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therefore the two factors of (-4) are (a? 2 — a?) (a? 2 — a* +2); 
and consequently, dividing by a?, the proposed equation is 
(o;-l)(a? 2 -a? + 2) = G. 

[2.] The factors of a* — 2 a? 8 + 3a? 2 - 2x + k are, 
a? 2 ±v/(2a? 8 -3a? 2 + 2a?-*) 
= a 2 - x ± -/(- 2a? 2 + 2x - A) 

=« 2 -« + l±y(l-ife); 

consequently the proposed equation is, 

(x*-x + l+^l=k)(x*-x + l-y/}^k)TxO. 

[3.] The factors of a? 4 4- 4a; 8 4- 4a? 2 - k, are 
* a? 2 ±-/(-4a? 8 — 4a?* + *) 
= a? 2 + 2a?± v / (*); 
consequently the proposed equation is, 

(a? 2 + 2a? + </k)(x* + 2x-^/k=0. 

[4.] The fectors of a; 4 — 4a; 8 + 2a; 2 + 4a? + h are, 
a? 2 ± -/(4a; 8 - 2a? 2 - 4a? -J?) 
= a? 2 — 2a?± v/(2a? 2 -4ar— *) 
=* 2 -2a?-l± */(}-*); 

consequently the pro posed equation is, 

(^2_2a?-l+ v ^r^l;)(a; 2 -2a;--l- v /l-ife)=:0. 

[5.] The foctors of a?* + 6a; 8 + ** — 24a? + it are, 
a*± */(- 6a? 8 -a; 2 + 24a?-*) 
= a? 2 + 3a?± v/(8a; 2 + 24a;-ife) 
=a? 2 + 3a?-4±-v/(16-A); 

consequently the proposed equation is, * 

(*« + 3a . _ I + ^16" jfej J (a? 2 + 3a? - 4 -</W-k)^0. 

[6.] The fectors of a? 4 — 6a? 8 + 5x 2 + 12 x + Jc are, 
a? 2 ± <s/(6a? 8 -5a? 2 -12a?-jfc) 
= a; 2 -3a;± v/(4a? 2 — 12a?-X?) 
. =a? 2 -3a?-2±-/(4-*); 

consequently the pro posed equation is, ^ 

(x*~3x-? + y/±-k)(x*-3x~2^^/i^%)=:0. 
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[7.] Dividing the polyiiQmial^a: 4 -^I6a: 8 -f 24x a --2^-1--- 

1 ° 

by 2, we have 4a? 4 — 8a? 8 + 12*« — * + t~; " 

and the factor* of this are, • 

«2^-2*± V(-8* a + *-^) 

= 2x*-2x+l±S(-7x*)r 
consequently the proposed equation is, 

{2x*-(2-y/-7)x+\} (2* 2 -(2 + /-7)*+j}=0. 

[8.] The&etorsof *a? 4 + 8i» — 5a? J — 24«+9are, 
a? 2 ±-/(-8a? 8 + 5a? 2 + 24a?-9) 
= a? 2 + 4a?±-v/(21a? 2 + 24ai-9) 
=* s + 4«-3±v / < (15a? 2 )j 
consequently the proposed equation is, 

{a-a + (4 - v/15)« - 3} {a? 2 + (4 + </l5)x - 3} = 0, \ 

[9.] The factors of a 4 — 3s 8 + 7** + 6* + 4 are, 
> a? 2 ±>/(3a? 8 -7a? 2 -6a?-4) 

~a? 2 -|a?±^(-L 9 a? 2 -6a?--4) 

consequently the proposed equation is, 

{^-|(3-y-35)«-2}x 

• {*»-|(3+,/-35)a?~2}==0. - 

[10.] The factors ef * 4 — 2a? 8 + 5a 2 — 3a? + 7 are, 
a? 2 ± -/(2a? 8 — 5a? 2 + 3a; -7) 
s: a? 2 - a? ± -/(— 4a? 2 + 3a? - 7). 

Here the expression under the radical is, 
-(4a? 2 -3a? +7); 
h2 
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and, since 4 x 4 X 7 > 3 2 , it follows that whatever real value 
be put for a?, the irrational part of each of the factors above 
will be imaginary : consequently the product of those factors 
can never be zero for any real value of x; therefore all the 
roots of the proposed equation most be imaginary. . (See 
Algebra, page 182.) 

[11.] Multiplying by 5, in order that the leading term 
may be a square, the first member of the equation becomes 

25a; 4 — i80a? 8 + 336a 2 - 43-2*+ 1-44; 
the factors of which are, 

5x*± v/(180a?*-336a? 2 + 43-2a?— 1-44) 
= 5* 2 - 18a?± ,/(- 12a? 2 + 43-2* - 1-44) 
= 5* 2 -l&c + l-2± v / 0; 

consequently the proposed equation is, (5a? 2 — 18a?+ 1-2) 2 =0; 
or, dividing by 5 2 , it is (a? 2 — 3-6a? + -24) 2 = 0. 

[12.] The factors of a?* + ax* + 6a? 2 + cx+( C -\ are, 

a* ± V (- a* 8 - hx 2 - ex - A 2 ) 

= * 2 + |a?±V Cr**—1>)x**-cx — ^ 

consequently the factors are, 

r-+8W(r-»+*)K! ■ . 

and the product of these isjthe first member of the proposed 
equation. 



Page 196, Algebra. 

[1.] The first member of thiB equation, when multiplied 
by a?, is a? 4 — a? 8 -fc- 2a?, and the factors of this are found as 

follows : 
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=*»-^+i±V(|* , - 3 *+ 1 ) 

consequently the factors are, 

•{--i-+i+6-i)}{--i-+i-ff-0}' 

that is, (x* '+ x)(x* — 2# + 2) ; 

therefore removing the factor x, introduced at the outset, the 

proposed equation is, 

(x+l)(x*-2x+2) = 0. 

[2.] Multiplying by x, the first member becomes 
of which theJactors are 

••±V^«'-j») : 

consequently the factors are, 

{.•-i- + t + (S-i)}{.'-i» + i-(i»-i)j ; 

thatia, (* i + j*)(* i -* + j); 

• therefore, dividing by the x originally introduced, the pro- 
posed equation* is 

(*+|)(*'-* + J) = 0. 
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[3.] Multiplying the first member by x, it becomes 
* 4 — ax* + 2a 3 #, the factors of which are, 

xf±^(ax 9 — 2 a 8 *) 
= * r - \x ±\/1?~x* - 2a*x) 

» * 2 - |a. + a 2 ± ^/(^a^s _ 3 a »^ + ^ 

=>-|s+a 2 ± v^as-a 2 ) > 
consequently the factors are 

that is, (x* + ax) (# 2 - 2ax + 2a 2 ) ; 

. therefore, dividing by the x, introduced at the commence- 
ment, the proposed equation is, ' • 

(* + a)(* 2 -2aar+2a 2 ) = 0. 

% . 
[4.1 Multiplying the first member by x> it becomes 
x A — ix z -f 4 a? 2 — 12 a?, the factors of which are, 

x*±y/(3x*-*x* + l*x) 

= * 2 -?* + 2±V(j* 2 + 6 * + 4 ) 

• ~x*-\x + Z±\/(\x + %)*; • 
consequently the factors are, 

.{• , -1-+»+(i-+ 8 )}{- , -J»+ 1 -lS-+ 1 )}j 

that is, (a; 2 + 4) (a? 2 — 3*) ; 

therefore dividing by the x 9 introduced at first, the proposed 
equation is {x — 3)(# 2 + 4) = 0. 
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[5.1 Multiplying the first member by *, it becomes 
x* + 1x* -+- liar* —\x, the fectore of which are, 

— ■ + !— i±V(if" + }- + i) 

consequently the factors are, 

that is, (** + 4a?)(a?* + 3;s — 1); 

therefore, dividing by *, the factor introduced at first, the 
proposed equation is (x + 4)(* 2 + 3*-l) = 0. 

[6j Multiplying by *, the first member becomes 
« 4 — 3a? 8 + 5« 2 — 3a?, the factors of which are, 

« 3 3 -/(I « 3 9\ 

consequently the factors are, - 

that is, (a? 2 -a?)(a! 2 -2a?+3); 

therefore, dividing by x 9 the factor introduced at the com- 
mencement, the proposed equation is, 

(* — !)(** -2* + 3) = 0. 
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[7-] 
Multiplying by*, the first member beoomeB:e*+3* s + 3«*+ 2x, 
the factors of which are, 

* s ± -/(- 3* 3 — 3* s - 2*) 

. = «» + ?*+ ./(-?** -2*) 

-*.+£.+i±V(i«»-i-*j) 

consequently the .factors are, 

that is, (* 2 + 2*)(*« + *+l)j 

therefore, dividing by «, the factor introduced at the be- 
ginning, the proposed equation is, 

(* + 2)(*» + * + l) = 0. 

[8-] 
Multiplying by x, the first member becomes a 4 + 2a 8 + Zx* + 2x 9 
the factors of which are, 

a 2 ±y(-2a«-3ar 2 -2a) 
= * 2 + x± y(— 2* 2 -2*) 

= * a + * + l±y(l); 
consequently the factors are, 

that is, (s 2 + «;)(** + * + 2); 
therefore, dividing by x, the factor introduced at the com- 
mencement, the proposed equation is, 

. (*+l)(a?* + * + 2) = 0. ^ 

Multiplyingbya, the first member becomes a 4 — 6x* -f 10a 2 — 3a, 
the factors of which are. 



Digitized by 



Googte 



•QT7ADEATIC EQUATIONS. 153 

* 2 ±y(6a; 8 -10* a -f.3a?) 
**0*-.8»± ,/(-*** + 3*) 

= *^s* + \±\/(\); 

consequently the factors are, 

(."-«*+J-J)(.--». + } + });. 

thatis, (a? 2 - 3a?) (a? 2 - 3a? +1); 

therefore, dividing by x, the factor introduced above, the 
proposed equation is (a? — 3) (a? 2 — 3 a? + 1) = 0. 

[10^ Multiplying by 2 s, the first member becomes 
'4**+ 16a? 8 + 18a? 2 + 18a?, the fectonTof whloh are, 

2a? 3 ± -/(- r6*» - 18a> 2 ~ 18a?) 

= 2a? 2 + 4a?± V ''(-2a? 2 -.18a?) 

±=2a? 2 + 4a? + |±\/(4a>*--6a? + |) 

consequently the factors are, 

that is, (2a? * + 6a?) (2a? 2 + 2a? + 3) ; 

therefore, dividing by 2x f the factor introduced at the be- 
ginning, the proposed, equation is, 

(a? + 3)(2a? 2 + 2a? + 3) = 0. 

[11.] Multiplying by «?, the first member becomes 
4a? 4 + 16a? 8 + 23a? 2 + 20a? = 0, the fiwtors of which are, 

2a? 2 ±y(-l6a? 8 -23s 2 -2C)a?) 
= 2a? 2 + 4a?± >/(- 7« 2 - 20a?) 
= 2a? 2 + 4a? + 2±-/(a: 2 -4a? + 4) 
= 2a? 2 + 4a?+2± v / (*-2) 2 ; 
h 3 
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consequently the factors are, 

{2**+4* + 2 + (*-2)}{2** + 4* + 2-(*--2)}; 

that is, (2z* + 5x)(2z* + 3z + 4)i 

therefore, dividing by x, the factor introduced at the outset, 
the proposed equation is (2x + 5)(2«* + 3x + 4) s 0. 

[12.] Multiplying by z, the first member is 
x* —pz + 2#? —pqz, the factors of which are, 

«*± </(px 8 — 0* 2 +!>£*) 
= ** -f *± V(^ * 2 -«* 2 + P«*) 

-..-f« + i±V(?.' + %'.;i") 

consequently the factors are, 

that is, (a? 2 — pa?)(i 2 + j); 

therefore, dividing by x, the factor introduced at the be* 
ginning, the proposed equation is, 

(z-p)(z* + q) = 0. ' 

For some further particulars in reference to this method 
of decomposing polynomials into their component factors, 
the student is directed to Note (B), at the end of the Key. 
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Transformation of Equations. 
Page 204. 

^ l "I ! ~ 2<* 

1 . — ,6 - 2 

-6 -2 -10 

1 j-5 
-5 -7 

-4 

therefore the transformed equation is a? 8 — 4a? 2 —7*— 10 = 0, 
the roots of which are severally equal to those of the pro- 
posed equation diminished by 1. 

[2.] 2 -13 10-19(1 
2 2 -11 -J, 

-20 

4 
_2 
6 

8 
hence the transformed equation is 2#* + 8a? 3 — a 2 — 8#— 20=0. 

[3.] 3 2 -6 5 (-2 

--»- 6 8 — 4 

- 4 2 1 

- 6 -20 
-10 22 

- 6 
-16 

hence the transformed equation is 3* 3 — 16* 2 +22*+ 1=0. 



-11 

4 


- 1 

- 7 


- 7 
6 


- 8 


- 1 
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- 3 


2 


-1 


-10 


-12 


45 


-141 


426 


—15 


47 


-142 


m 


-12' 


81 


-384 




-27 


128 


-526 




-12 


117 






-39 


245 






-12 








-51 









consequently the transformed equation is, 

4a? 4 - 51 *» + 245** - 526* = - 416. 

[5;] 5 -6 12(5 
25 125 595 

25 119 607 
25 250 
5Q 369 
25 
75 

therefore the transformed equation is, 

5* 8 + 75** + 369* + 607 s 0. 

[6.] 3 1 -5 . 8(4 






1 


-5 


8 


12 


48 


196 


764 


12 


49 


191 


.772 


12 


96 


580 


< 


24 


145 


771 




12 


144 






36 


289 






12 








48 









hence the transformed equation is, . 

3** + 48** + 289** + 771* +712 
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[7.] 1 6*5 l(~-2 

-2 j-8 6 

4 -3 1 
--2 -4 

2-7 
-2 



consequently the transformed equation is aH* — 7# + 7 = 0. 

[8.] 19 -22 -35 -16 -2(3 
' J>7 105 210 582 
35 70 194 580 
J7 276 - 1038 
92 346 1232 
57 447 
149 793 
57 
206 
therefore the transformed equation is> 

19* 4 + 206s* + 793a? 2 + 1232* + 580 = 0. 

[9.] 12 24 --58 25 (-7 

8-4 22*68 - 24-724 
•276 



32-4 
8-4 


-35-32 
28-56 


40-8 
8-4 


-6-76 



49-2 
consequently the transformed equation is, 

. 12** + 49 -2**- 6-76* + -276 = 0. . 

[10.] 12 49-2 -6-76 -276 (06 

•72 2-9952 —-225888 

W9% -3-7648 -050112 

-72 3-0384 

50-64 --7264 
•72 

51-36 
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consequently the transformed equation is, 

12*» + 51 •36*»- -7264* + -050112 = 0. 

It thus appears from the last two examples, that the 
equation whose roots are those of the equation 

12* 8 + 24** - 58* + 25 = 0, 

when each of them is diminished by *76, is 

12** + 51-36** --7264* + -050112 = 0. 

And by diminishing the roots in this way, figure after figure, 
having regard to the local value of that figure, we may 
diminish the roots of an equation by. any number we please, 
by a series of uniform steps. The following examples on the 
numerical solution of equations, merely exhibits these suc- 
cessive steps united together in one continuous system of 
operations. 



Solution of Numerical Equations. 

Page 218. 

[1.] The factors of the first member of the proposed 
equation are, 

*±*/(-* 4 + 8*+15) 

* = *-4±*/(-** + 31); 

the — * 4 being put under the radical sign rather than—* 2 , 
as we shall thus more readily discover the smallest positive 
number for which the whole expression under, t^e radical 
becomes negative. This smallest number is evidently 3, and 
the expression is negative also for, all greater numbers; so 
that the first figure of the root cannot be a number greater 
than 2. Upon diminishing the roots by 2, we find that this 
number is not too great; we therefore continue the operation 
as follows: 
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1 -£ 15(2-30277563./.. 

1 Jt 12 Jew 

2 5 2 11 

A ' J*' A* i IQ'8741 

4 . 13 . 28 () -1259 (2) 

2 12 8-247 906670 

6 25 () 36-247 352330 X3) 

2 2-49 9-021 317955 

8 (1> 27 -49 45 -268 ( } 34375 ( } 

3 2-58 6552 31813 



8-3 30 07 45-33352 2562 

•3 2-67 656 * 2273 

T6 32-74 (2) 45-3991 (3) 289 

-1? 18 230 - 273 

89 ' 32-75 8 *5-422JL 16 

_-3 2 23 H 

,9- v 2 (2) 32-7 v 8 45-445 (4) 2 

2 2 ~~ 

(3) 



(6) 



A 2 \8 45-44,7 

W& <d) 
consequently, the positive root of the proposed equation is 

x = 2-30277563. 

[2.1 It is obvious that if be put for x in this equation, 
that the first member becomes negative, namely — 1 ; and that 
if 1 be substituted for x, the first member becomes positive, 
namely 1 : we may therefore conclude (Algebra, page 207, 
art. 93) that a positive root lies between and 1, and conse- 
quently that the .first significant figure is a decimal But, by 
applying the method of decomposition into factors, we «hall 
get information still more definite. The factors of the first 
member, after multiplication by x, are 



*»±-/(5A»-7*« + *) 

5 *±V(-!* 2 + a? ) 



— # 

2 
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From the expression under the radical -sign, we infer that 
the proposed equation cannot have any positive root so great 
as 1, because that expression becomes negative not only for 
x = 1, but for x equal to any greater number.' Further, the 

expression is negative for x = - , and for all greater values ; 

1 6 

and as % = *16 .. . . , it will be proper to try -lfor the first' 

figure of the root ; which is found to succeed, as x = *2 is 
shown above to give a negative result for the absolute term 
of the transformed equation :*' the operation is therefore as 
follows : 

1 -5 7 1 (-160713... 

-l -^49 -651_ 

-4-9 65l -349 (1) 

•1 . --48 - -3 45096 
-4-8 To5 (1) 3904 (2) 

a ~ -2784 3832 

-4-7 (1) 5-7516 ^72 (d) 

6 --2748 65 

-4-64 5-4768 (2) 17 

' 6 ' -32 16 

-4-58 6-47 % 36 1 

consequently the only positive root the equation has, is 
*=-16G713. 

• When a number which exceeds the greatest positive root of an 
equation is substituted for x in the first member of that equation, the 
result is always jwrntfoe, it being understood that zero only forms the 
second member of the equation. The result here spoken of is no other 
than the final or absolute term of the transformed equation, which arises ' 
from diminishing the roots of the proposed by the number thus substi* 
stated for*. But when the absolute term of the equation is transposed, 
and therefore, with changed sign, forms the second member of the 
equation, as in the above arrangement for the development of the root, 
then the absolute term in each transformed equation becomes in like 
manner transposed and changed in sign : hence, under this arrange- 
ment, a number exceeding the greatest positive root of the equation 
will always cause the absolute terra in the transformed equation to be 
minus; yid, in trying lower numbers, we may be certain that a root is 
passed over as soon as the absolute term of the corresponding trans- 
formed equation becomes plus. 
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[3.] A slight inspection of this equation is, sufficient tP 
show that the first member becomes minus for x = 0, and 
plus for x = 1 : therefore, by the .principle of art 93, page 
207, a positive root lies between and 1; that is, the first 
figure of the root is a decimal But this is information too 
indefinite to be of much avail in enabling us to fix upon the 
leading figure of the root, and thus to commence the opera- 
tion for its complete development : we shall therefore seek 
for more precise directions for finding this leading figure, 
from an examination of the factors of the first member of 
the equation. These factors are, 

tf±*/(— * a -* + 1) 

Now, it is evident that the expression under the radical sign 
becomes negative for x = • 6, and for every greater number. 
Our course is thus obvious : we are to diminish the roots by 
•5, and then, if need be, by '4, and so on till we reach a 
number giving the same sign to the absolute term of the 
transformed equation that the given absolute term is affected 
with; that is, the sign plus: this number will be the leading 
figure of the root ; it proves to be 6, and the operation is as 
follows : 

11 1 1( -543689 

j5 j75 JS75 

1-5 1-75 :125 {1) 

•5 1 -11406 4 

2 2-75 () 10936 ( l 

j5 -1016 8888 • 

2-5 ( } 2-8516 2048 () 

4 -1032 1785 

'2-54 2-9548 W 263 (4) 

4 , 79 238 

2-58 2-962J 25 

4 m 79 m 2$ 

.. 2T6T (fl) 2l97T C3> 



2-973 , 

2 

2\9,7 X 5 (4) 
consequently the root is #= -543689. 
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• [4.] Multiplying by 2x, and decomposing, the factors are, 
2s 2 ±- v /(6* s -12a 2 + 16*) 

In considering the sign of the expression under the 

radical, we may evidently discard the factor x which enters 

39 
both terms, and pay attention only to — «j x + 16, which 

obviously becomes negative for a? = 2, and for every greater 
number : hence we commence the operation by diminishing 
the roots by 1, and proceed as follows : 



2-3 





2 


-I 


-1 


-1 


2 


1 


1 





2 
3 


3 • 

- v 1] 



5-8 
66 

7-4 

2 

8*22 



0-32 
2-64 
7-96 
2-96 
10-92 



(ft) 



-1 
5 


2-128 
7-128 
3-184 
10-312 (B) 
-110022 
10-422022 
•110846 



8-24 
2 

8-26 
2 



AS) 



11-0022 

824 
11 0846 

826 

11-1672 

332 
ll-200 x 4 

332 
11-23,4 

33 



(3) 



8-28 ' 11 -26 J 
8 



(4) 



2 



(3) 



10-532868 
44802 ',. 

10-57767,0 
4494 

10-62261 (4) 
•225 



10-6248,6 
225 
10-6271 

_. 1_ 

10-6272 



(S) 



8(1-414213562. 
5 , 

3 
2-8512 

-T488 (a) 
-10422022 
4457978 - S) 
4231068 
226910 (4) 
212497 
14413 (S) 
10627 - 
3786 
3188 
598 
531 - 
67 
64 
3 
2 
1 



8-29 11\27 
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consequently the root* as far as nine places of decimals, is 
x= 1-414213562; or, to the nearest decimal in the sixth 
place, it is x =1-414214. 

[5.] For the factors of the first member of this equation 
we have, . 

^^(-ffff' + S**- 15* + 25) 

The expression under the radical sign is obviously, negative 
for *= 2 ; it is also negative even for #= 1£, as well as for 
all greater numbers. We therefore take 1 for the first* figure 
of the root, and operate as follows : 

1 5 -3 15 25(1-21652 

1 6 J ~18 

6 3 18 7 (1) 

1 ^ ' 1? 6-3936 

7 * 10 28 (1) -6064 () 
1 JS 3-968 -3655 

8 . 18 (1) 31-968 -2409 

1 1-84 4-344 -2216 . 

• 9 19-84 36-312 (2) 193 ( 

j2 1-88 -237 186 

9-2 21-72 36-54 v 9 7 

-2 1-92 -24 7 

. 9-4 23-64 (fl) 36-79 (S) . " 

j2 -10 -14 

9-6 23-7 4 36-9,3 

j} _a -14 

9-8 ( } 23-8 3 71 (4) 

1 -1 

9 -,81 2,4, (d) 

consequently the root is x = 1-21652, which is true as far as • 
five places 'of decimals. It may here be observed that in 
equations of the fourth degree, our curtailments to prevent 
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an unnecessary accumulation of decimals may in general 
begin after the first decimal in the root is found, provided 
there" be but one place of integers in the root. If we confine 
the decimals in the last column of work to the -limit reached 
at this second step, we shall usually obtain the root as far as 
six decimals. The reason that only five is furnished above is^ 
that at the last step but one, namely, that due to the 5 y the 
remainder is only a single figure 7, instead of two figures as 
might have been expeoted. 

[6.] Multiplying by x, the equation is a? 4 •+- x 2 — IZx = 0; 
ana for the factors of the first member^ we have 

x± ,/(-** + 13«). 

Discarding the factor as, we have to examine the sign of 
— x z + 13y which is obviously negative for x = 3, and for all 
greater numbers : we commence, therefore, by diminishing 
fiie roots by 2. 

10 1 13(2-209753 

2 4 10 

2 5 -3 (1) 

2 . 8 2-848 

4 I3 (1) -T52 (fl) 

2 1-24 - 14022 
6 (1) , 14^24 ~TT78 (3) 

6-2 15*52 ( . 83 

j2 595 78 

6 4 15-57,95 5 

#2 ,^ ^ • 6 

.66 (fl) itri (3) 

09 



6\61 
consequently the root is x = 2 • 209753. 

[7.] Thia is merely to find the cube root of 926859375, 
which by the general method is as follows : 
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81 

81 
162 
243 

1939 
26239 

1988 



(l) 



$26 x 859 % 375 ( 975 

729 

197859 C1T 
183673 



14186375 
14186375 



(B) 



(A) 



28227 
14575 

2837275 



(fl) 



1 

9 

9 

_9 

18 
9 

21 (1) 
__7 
277 
_7 
% 284 
_7 
291 
5 

, S9l5 
consequently the cube root of the proposed number is 975. 

[8.] Dividing by 2, the first member of the equation is 
a? 4 — 8a; s + 20£ 2 — 15* + * 5 ; and decomposing this into 
factors, we have 

tf 2 ±-v/(8* 8 -20* 2 + 15*--5) 

= *'_4*± v '(— 4**+15«— '6) 
= a; 2 — 4s + 2±v/(— s + 3'5). 

It follows from this that there can be no root of the 
equation greater than 3*5; that is to say, all its real roots 
must lie between 0. and 3-5. We may commence, therefore, 
by diminishing the roots by 3, and then by 2, and so on, 
if need be, till we arrive at a transformed equation in which 
the absolute term is plus. The number to which this trans- 
formation is due will be the leading figure of a root 

1 -8 20 -15 -5(3 
3 -15 15 

-5 5 —5 , 

As the sign of the absolute number is minus, we next try 2.. 
1 -8 20 -,15 ->5(2 



2 -12 



16 



2 



-^-6, 8 1 ■ -2-5 

The sign being sUlTmmtw, we proceed to try 1, which we 
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see produces the looked-for change of sign, and we then con- 
tinue th6 operation as follows * 

-•5(1-284724 

^5 (1) 
1-0496,. 

-^4 (fl) 

2486 W 

2105 

381 

368 

13 

11 

2 




-2-9 



consequently a positive root of the proposed equation is 
x =1-284724. 

[9.] This equation, when rendered complete, is 
x * + x s— 12a? 2 + 12« — 3 = 0; 
and as negative roots are converted into positive, and positive 
into negative, by changing the alternate signs of the com- 
plete equation, commencing these changes at the second 
term (Algebra, p. 211, foot-note), we shall have to find a 
positive root of the equation.* 

* If the learner go forward to .the solution of the equation [16], 
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ff4_0* 8 --12* 2 -r 12*-3 = . . . (A). 
Decomposing the first member, we have -the factors 
f*±y/(12x* + 12* + 3); 

and as, in the expression under the radical, four times the 
product of the extreme terms is equal to the square of the 
middle term, that expression is a square; hence the proposed 
equation (-4) is 

{**-(2v/3.a?+ */3)}{a?* + (2*/3.* + */3)} = 0; 

so that all the roots would be obtained by solving the two 
equations, x 2 - 2 -/3. * = JZ . . . (B) 

x 2 + 2^3.* = _,/3. 

In the first of these the two roots are, one positive and the 
other negative, and in the second, both roots are negative 
(Algebra, p. 180); so that by extracting the positive root of 
the former equation, we shall obtain the value of * sought. 
But as it may be instructive to the learner to see the process 
of solution applied directly 1 to the equation (A), as well as to 
(2?), we shall develope the positive root from each. 

Resuming the factors x 2 ± </(12£ s + 12 a + 3), which in 
their present form give no information as to the situation of 
the sought root, we shall deduce from them a new pair of 
factors, with the view of getting a term involving x 2 , with a 
negative sign, under the radical, 

x 2 - 10 ± */(- 8x 2 + 12* + 103). 

It is easy to see here that for x = 5, and for all greater 
values, the expression under the radical becomes negative. 
If we were to employ 4, we should find the absolute number 
in the transformed equation to be negative; the next trial 
with 3 would succeed ; so that the first figure of the root can 
be found with but little additional trouble. But, in order to 
show the application of a useful principle mentioned in the 
note at the end of the Algebra (p. 247), we shall proceed to 
find the leading figure in a different manner. From the 
irrational expression above, it appears that that expression is 

page 175, and compare, the operation with that at page 215 of the 
Algebra, attending to the remarks subjoined to the work at page 176, 
he will see that, by changing the alternate signs in any equation,* we 
merely convert the positive roots of that equation into negative, and 
the negative roots into positive. 
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rendered negative for 4, and u fraction. Let 4 be put for x in 
the rational expression whioh precedes the radical/ the result 
is 6: introducing this with changed sign into the rational 
part, the factors become 

* 3 -16±v / (-2&r a +12*+16 2 + 3); 

from which it appears that the expression under the radical 
becomes negative for x = 4, and for all higher values of x : 
we may therefore commence with 3, and proceed as follows : 

1 o -12 -12 3(3-907378 

3 . __9 -9 --63 

3 -3 =21 66 {1) 

3 18 45 65*0241 

7 • iV T4 (1) -^759 (fl) 

j* 27 48-249 -925621 

' 9 42 (1) 7F249 50279 (S) 

59-427 39844 

WVGIG™ 10435 (4) 
-55558 9299 

132 -231,5a TT36 
-556 1063 • 



3 

T2 (1) 


11-61 
53-61 


•9 


12-42 


12-9 


66 03 


^•9 


13-23 


13 8 


' 79-26 (fl) 


•9 


•1092 


14-7 


79-36 92 


* 9 <a> 


11 


15^6 (fl) 


7 x 9- % 48 


07 





,(«) 



132-788 v ' 73 

2£ 

132-812 

ft 

132 &4 ( * 

15\6fl7 

Returning now to the quadratic equation (2?), and re- 
placing V3 by its value 1 -73205081, we have 

• a?2 - 3 -46410162a? = 1 -73205081 ; 
.\ Rule II. page 178, Algebra, 

% 2#- 3 -46410162 = y(6 -92820324 + 12) 

= ±4-3506554 

3-4641016 

4-3506554 .... 

2)7 r 814757 . . ,. . 

.-.X = 3 -907378 
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This value of the root agrees with that determined above. 
The seventh decimal here would be a 5, and it is plain tjiat 
the seventh decimal, supplied by the dividend 73 and divisor 
13,2, in the former operation, is also ad; the two processes, 
therefore, confirm one another in the most satisfactory manner. 
The value of x just found, with the minus- prefixed, is the 
negative root required to be developed: to the nearest decimal 
in the sixth place it is — 3 907379. 

In the second of the above methods of developing the 
root, we have followed the special rule for quadratic equa- 
tions, which rule, however, will usually be found to' involve 
more trouble than the general method adopted in the fore- 
going examples, when the known coefficients are very large 
numbers. The inconvenience of such numbers was less felt 
in the case above, because we knew that the square of the 
coefficient of x was the square- of 2 v/3, so that we got 12 for 
this square without any work. We shall now, however, solve 
the same quadratic by the general method, as follows : 



1 - 



(l) 



3-46410162 

3 

-•46410162 
3 

2 -53589838 

-9 
3-4358983 % 8 

j9 

4 -3358984 (fl) 

7 
4-34289 v 84 

_j 7_ 

4-34990 (3) 

3^ 

4-3502 

3 

4-3505 (4) 



1-73205081 (3-90737855 
- 1-39230486 
. 3-12435567 <l) 
3-09230854 
3204713 (fl) 
3040029 
164684 (3) 
130506 




4.3506 
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The two additional decimals 55, here l v 3 t 2)73( 55 
found, might evidently have also been added 66 

to the six decimals found by the first operation, . ~~~f 
as in the margin. The accuracy, therefore, of 7 

these three modes of operation is thus com- — 

pletely confirmed. 

[10.] This equation, in a complete form, is 
a.3 + 0* 2 — 3* + 6 = 0; 
therefore, changing alternate signs, we have to find a positive 
root of a? 3 — 0* 2 — 3s — 6 = 0; 

'*fti?tis, of x*-3z-6 = 0...(A); 

multiplying by x, and decomposing the first member, we have 
the fectors a 2 ±«v/(3 x 2 + 6a?) 

= * 2 -4± ^/(-S^-f 6s + 16); ' 
consequently the equation (A) has no root so great as 3 : we 
therefore commence the operation with 2 for 'the first figure 
of the root, and proceed as follows : 

10 -3 6(2-3553014 

2 4 2 

2 1 '4 (l) - 

2 8 3-267 ■ 

4 9 (1) . ^733 (fl) 

2 1-89 -660875 

6 (1) 10-89 . 72125 (3) 

•3 1-98 680139 



6-3 • 12-87 v 41111 

•3 -3475 40921 



(»> ,„„ (4) 



6-6 13-2175 190- 

3500 136 

5675 l3) 54 

3528 05 



-3 3500 136 

6-9 (B) 13-5675 l3) 54 



6-95 13-602^8 

5\ * 353 



00 13-6381 

_5 21 

•05 (3) 13-640,2 
5 2 



(4) 



7-05 5 13\6 X 42 
5 

7\060 
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consequently the negative root of the .proposed equation is 
a? = — 2-3553014, which may be affirmed to be true to the 
nearest decimal in the seventh place. 

[11.] This equation, with the alternate signs changed, is 
a;8 + 5a? 2 + 3a? — 48 = 0; 
and multiplying by a?, we have for the factors of the first 
member, a? 2 ± ,/(-5a? 8 — 3a* + 48a?); 

and discarding the factor a? under the radical, it, is plain that 
— 5 a;* — 3a: + 48 is negative for a; =3, and for all greater 
values : we therefore commence with 2 for the first figure of 
the root, and proceed with the development as follows : 



5 


3 


48 


(2-35833 


2 


14 


34 




7 


17 


14 




2 


18 


11 


•517 


9 


35 


2-483 


2 


3-39 


2-1234 


11 


38-39 




•3596 


•3 


3-48 




•3454 


11-3 


41-87 




142 


•3 


•598 




130 


11-6 


42-46 % 8 




* 12 


•3 


•60 




13 


lVd 


43-07 






5 


•10 
43-1JT 






ll-9 % 5 




5 


•1 






120 


43-3 







consequently, the negative root of the proposed equation is 
-2-35833. 

[12.] This equation, in a complete form, is 
#* + x z + x 2 - 8'a? - 15 = ; 
and when the alternate signs are changed, it is 
x* — Qx s + x* + 8a?-: 15 = ; 
the first member of which furnishes the factors, 
x± % /(-x*-8x+15); 
i 2 
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and as the expression under the radical is obviously negative 
tor #=2, and for all greater values, we commence with 1, as 
the first figure of the root, and develop as follows : 






1 


8 


15 i 


(1-30277J6 


1 


1 


2 


10 




1 


2 


10 


5 




1 


2 


4 


4-9461 


2 


4 


14 




539 


1 


3 


2-487 




38821 


3 


7 


16-487. 




15079 


1 


1-29 


2-901 




13609 


4 


8-29 


19-388 




1470 


•3 


1-38 


223 




1361 


4-3 


9-67 


19-410,3 




• 109 


•3 


1-47 


223 




117 


4-6 


1114 


19-433 






•3 


104 


8 






4-9 


11 15,04 


19-M1 






•3 


1 








5-2 


11-16 








02 


• * * 









5-^02 

consequently the negative root of the proposed equation is 
-1-302776. 

[13.] The equation in its complete form is, 
x* — 2x* + Oa? 2 + 3a? - 20 *= 0. 
and changing the alternate signs, we have to find the positive 
root of x * + 2x s + Oa? 2 — 3a?— 20 = 0. 

A glance at the first member shows that it becomes negative 
for a?= 1, and positive for x = 2 : therefore the positive root 
lies between 1 and 2 ; that is, the leading figure of the root 
is 1.* .If, however, we apply the method of factors as in the 
foregoing examples, we have 

a? 2 ± -/(-2a? 3 + 3a? + 20) 
= a? 2 -4-±y(-2a? 8 -8* 2 + 3a? + 36); 

* We here say the root, instead of a root, because we know, from a 
general principle in the theory of equations, that an equation cannot 
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where the expression under the radical is obviously negative 
for x = 2, and for all greater values. 

12 -3 20(1-876837... 

1 3 3 0_ 

3 3 ' 6 20 (I) 

1 4 7 16-7616 

4 7 7 ll) -T23M (a) 
1' 5_ 13-952 2^93511 

5 12 (l> 20-952 -30329 <3) 
1 5-44 18-816 -26599 
6 (I) IT44 39-768 (fl> 3730 (4) 

-8 6-08 2-1622 3562 

1F8 23-52 41-930 2 168 

•8 ' • 6-72 2-208 134 

7-6 30-24 (B) 44-138 (3) 34 

jS -649 „_I?_ 4 ii! 

8-4 30-88 9 44-332 3 

_JS • -654 -194 — 

.9-2 (B) 31-54 x 3 4 % 4-AS W 
.7 -659 



(3) 



32-20 

6^ 

3,2-26 



consequently the negative root of the proposed equation is 
— 1 -'876837 . The seventh decimal is probably a 6 ; but when 
the operation is extended so far as to leave only a single 

have a greater number of positive roots than there are changes of sign, 
among the signs of its terms. 

The signs in a^-f^a^+Oaj*— 3#— 20=0 change only once, namely, 
from + to — , and that whether we consider the zero term to have the 
one sign or the other ; but for the proof of this useful principle, the 
learner may consult the treatise on "The Theory and Solution of 
Equations," by the Author of this Work, or '< The Analysis and Solu- 
tion of Cubic and Biquadratic Equations," which forms an introduction 
to the more extensi re treatise just referred to. - 
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figure for remainder in the last column, we cannot pronounce 
with confidence on the exact value of another decimal ; for 
the final remainder, on account of the contractions, may err 
by a unit, and in extreme cases by two units : we may be 
certain, however, that the decimals found above are true as 
far as they go. 

[14.1 Changing the alternate signs, the equation becomes 
*4_ a; s + a .2_ a ._ 1== 0; 
and for the factors of the first member, we have 

*±v/(-* 4 + * 3 + * + i); 

and as the expression under the radical is negative for x = 2, 
and for all greater values, we commence by assuming 1 for 
the first figure of the root 

1-1 1 -1 1(1-290648 

I 1 

6 1 r (l) 

II 2 -5856 

1 2 2 (l) W4 (fl) 

1 2 -928 - 41104 

2 4 2-928 336 (3) 
1 -64 1-064 311* 

3 4-64 3-992 (fl) 25 
-2 -68 _-5751 21 

3-2 5-32 4-567 s T 4 

-2 -72 -6073 4 

3-4 6-04 (a) 6-174 () 

•2 -350 4 



3-6 6-39 x v5\l v 78 

3-8 (B) 6-74 8 

9 -366 

3^9 7\11 (3) 

9^ 

3-9 % 8 

9 

4-OJ 

.rr (3) 
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consequently the negative root of the proposed equation, as 
far as six places of decimals, is — 1 • 290648. Whether, by 
postponing the contractions to a more advanced step of the 
work, and thus extending the root to a greater number of 
decimals, the seventh decimal would be sufficiently great to 
justify our changing the final S above into a 9, can be ascer- 
tained only by actual trial, that .is, by extending" the decimals 
in the several columns of work. 

[15.] This equation, when the alternate signs are changed, 
is the same as the equation in Ex. 4, solved at page 162 : the 
negative root is therefore — 1 '414214. 

[16] This equation, too, when the alternate signs are 
changed, becomes that solved at page 215 of the Algebra; 
but we shall here show the operation at length, when applied 
directly to the development of the negative root, without 
converting it into a positive root. 

Negative Root. 

1 -1 -29 27 6 ( —5-372281 

-5 30 -5 -110 

-6 1 22 116 

-5 55 -280 90-2151 



(l) 



-11 




-5 




-16 




-5 


(l) 


— 


•3 


^21" 


•3 


— 


•3 


-21 


•6 




•3 


-21 


•9 


— 


•3 



56 -258 (l) 25-7849 l2) 

80 -42-717 24 9457 

136 (1) -300-717 • -.8392 (3) 

6-39 -44-661 _ -7356 

, <») T7757. 1*1 



142-39 -345-378 . -1036 v 

6-48 _-10-989 736 

148-87 -356- 36 7 300 

6-57 _r n JL2 ??1 

155-44 <2) -367-47 (3) 6 

155 --3 2 _4 

lee^a -367-79 * 2 

1-5 - .3 

^22^ (fl) 158- v 5 3,6 v 8\l (4) 

roTo (3) • 
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From this operation the learner will perceive, that by 
changing the alternate signs in an equation, and by also 
changing the sign of the root as given by the unmodified 
equation, the only difference hi the operation is, that the 
numbers in alternate columns of work all have changed signs, 
the values remaining undisturbed, which shows that by 
changing the alternate signs in the original equation, the only 
effect is to change the signs of the roots of "that equation ; 
and a little reflection is sufficient to convince us that, in 
every equation, such must necessarily be the case. But, for 
a more formal proof of the proposition, the inquiring student 
is directed to the sources of information already referred to 
(page 173). We have, in truth, in the foregoing solutions, 
and in the remarks and explanations which have accom- 
panied them, sufficiently unfolded to the learner what appears 
to us to be the shortest and most effective method of deve- 
loping, figure by figure, any real root of a numerical equa- 
tion. He must have perceived that, in general, the most 
troublesome step in the process is the leading step — that by 
which the first figure of the root is discovered. Without the 
aid afforded to him by the method of decomposing a poly- 
nomial into factors, so generally employed in the preceding 
solutions, he would have found the determination of the 
initial-root figure to have involved him, in "some cases, in, a 
good deal of weary guess-work ; and although, even with the 
aid here offered, trial numbers, which on being put to the test 
are found to fail, are not always to be dispensed with, yet 
there is great advantage in knowing, with absolute certainty, 
that, beyond a certain clearly indicated limit, no such trial- 
numbers need ever be selected; and it is this advantage that 
the method offers, by pointing out, in the most unambiguous 
manner, a definite and comparatively narrow region, within 
the boundaries of which the number sought must necessarily 
be situated. Of late years a great deal has been attempted 
in the way of devising practicable and certain rules, for dis- 
covering the situations of the real roots of numerical equa- 
tions. A comprehensive view of what has hitherto been 
accomplished, in this important field of algebraical research, 
wiU be found in " The General Theory and Solution of Alge- 
braical Equations " before mentioned. 
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ARITHMETICAL PROGRESSION, 

Page 226. 

[1.] In this series, the particular values of the general 
symbols in article 108 are as follows; namely, 

a = l, d=3, n = 12; .\ J = a+(»— 1>* = 34; 
.-. £ = 4n(a+ = 6(1 +34) = 210. 

[2.] In this series d is negative, and the values of the 
symbols are, 

a = 2, d = — i, n = 14; .% J = a + (rc— l)d = — 4£; 

.;. As £n(a +0 = 7(2 — 4i) = ~ 17^ . 

[3.] The general expression for the sum is 
£=±»{2a + (»-l)c*}; 
which, upon substituting the particular values given in the 
example, is 14 = ${22 + 6d), 

an equation in which d is the unknown quantity; 

.•- 14 = 7(11 +3<0; .\31<* = 14-77 = -63; 
.♦. d = -$$ = -3. 

[4.] Taking the general expression for the sum, namely, 

m S=ln{2a + (n-l)d}, 

and substituting the given values for the symbols, we have 

150 =12(1+ 83c?}, orl50=12 + 276d; 

.%*-«».«*• 

[5.] Here the first term of the series is a = £, the last, 
J as $, the number of terms, n = 7 ; and it is required to find 
the common difference d. The formula for I is, 

J=a + (w — l)rf; .'.f = J + 6(fJ 

consequently the five intermediate terms are, 

&> h if* 

i 3 
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[6.] 
Here the first term a = £, the difference d = £ — £ = — £, 
and the sum S= 0, are given to find the number of terms n. 
The formula is, S = ^n{^2a + (» — !)<*}; 

.•.o = ±»{i -*(*-*)}; 

that is. 0= - — — -4- — : 
^ 2 12^12' 

therefore, multiplying by 12, dividing by *, and transposing, 
n = 6 + 1 = 7 ; consequently the sum of seven terms of 
the proposed series will be 0. 

[7.] In the first case, a = 1, { ss — 1, and * = 8; so that 
I = a + (» — l)d becomes — 1 =l+7rf; .\ rf= — %; 
consequently the six means are, f> t> +» — +» "~4> — 4* 

In the second case, a = £, J = — A, and n = 7 ; so that 
/ = a + (n — l)d becomes — £ ss £ + 6d; .\ d= — £; 
consequently the five means are 4* £, 0, — £, — £. 

[8.] Here we have given the number of terms, n = 21, the 
common difference, d = X f and the sum, S = —28 9 to find a, 
the first term. The formula for this purpose is, 

S=ln{2a + (n-l)d}; 
.-. -28= V{2a+V°}i 
or, — 28 = 21a + 42; .-. a = — $$= — 3£; 
therefore, the first term of the series is — 3 J. 

[9.] Here are given the first term, a = £, the difference, 
rf = £ — £ = — £, and the sum, £ = — 1£, to find I, the 
last term. The formula for finding the number of terms n 
from these given quantities is, 

£=£n{2a + (n-l)(*}; 

or, multiplying by 2, — 3 = n — -g + - ; 
multiplying by 6 and transposing, 
n 2 -.7ift=18; .\2n-7 = ,/(72 + 49)= v/121 = ±11; 
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,.„ = LiL 1 =9, or-2. 
Taking the first value of n, we have 

hence the last term of the series will be the ninth, the value 
of this term will be — £, and the sum of the whole — 1^. 

Although two values of n satisfy the equation, it is plain, 
from the restrictions of the question, that only one of them, 
the positive value, can be applicable. 



Geometrical Progression. — Page 229. 

-[!.] By the general formulae, I = ar*-\ S = - — =- • 

r— 1 

In the example, a=z 1, r = 2 2 =r 4, and n = 6; 
. .-. J = 4» = 1024; ...£=^!n! = 1365. 

[2.] Here a = 1, r = — 4, and n = 5, 
.-. J = (-4)* = 256; .-. S= Zl^lzil ^ 205. 

[3.] Here a = 5, r = — 3, and n = 7 ; 

.-. J = 5(- 3)« = 5.27 2 == 3645; 

.^ = ^^=2735. 
— 4 

[4.] Here a = |, r = $, and n = 6; 

•••' = *(*)' = *•& = ■&; 

[5.] Here <* = $, r=— £, and 71s 6; 
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[6.] Here a = 1, r = J; therefore by the formula, 

*=i^ = i = *=H. 

[7.] Here a = £, r = — £; therefore by the formula, 
2=s l37 =I f = *** = *• 

[8.] Here a = 1, r = - ; therefore 

2 __ _« J * 

a: 
[9.] Here a = }, r = — J; therefore,' 



2 = 



37=4-m=* 



[10.] v /(i X i) = v/tV= h *&* mean between £ and $; 
</(i X |4) = -v/4^9 = & **» m «an between f and $4. 

[11.] The last term of a geometrical series being I == ar*~~ l , 
the fourth term of the series in the present example is 
108= 4r s ; ,\ 27 = r 8 ; .•. 3 = r; .that is,' the common 
ratio is 3; consequently the two .wanting terms are 12 and 36. 

[12.] The formula l=*ar*~\ in the first case of the' 
present example, is -fa = r 4 ; ,'.J = r, the common ratio; 
consequently the three means are £, £, £. 

In the second case the formula becomes 
£ = ±; .-.*•*; .'.*•* = *; *•* = *; .*.»•= %/f* or Jv/6; 
consequently the three means are 
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SIMULTANEOUS QUADRATIC EQUATIONS. 

Page 232. 

p.] * 2 + *y = 77) 

xy-y* = 13/ 
Putting zx for y 9 these equations become 

a8 + «s 2 «77; .-. * 2 = ^~ . . . (-4); 

12 
2* 2 -2 2 a 2 =:12; .-.a^-ll-; 

2 — 2 2 ' 

transposhig, 77**— 650= —12; 
.-. Rule II. page 178, Algebra, 

l«4«-65 = -/(-3696+4225) « ^529 = ±23; 
65±23 A 

Substituting the first of these values in (-4), we have 
77 77 Jrt 

and if ^ be substituted for '2 in the same' equation (-4), 
another pair of values may be obtained. 



[2.] a? 2 + a^ + y 2 =:52 

. xy — x 2 =z 8 

Putting zx for y, the equations become 



x* + zx* + z*x*=z52; .-. x° 



1+2 + * 2 ' 

8 

2-1 



A-fTTZTi' .•.8 + 8t + 8i«»M«-M; 

2—1 1 -f- * -f- 2* • 
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transposing; 82 s — 44« = -60; .-. 2* 2 — 11* = — 15; 
.-. Rule IL page 178, U -11 « */(-120 + 121) = ±1; 

•\* = —j— = 3, orf; 

...(^,^=^=4; 

.\*=±2; .•.y = w=±3x2=±6; 

and if 4 be put for 2 in (A), another pair of values may be 
obtained. 

[3.] 2«?- a?y=6 1 
2y 2 + 3sy = 8j 

Putting zxSor y, the equations become 

2* 2 -** 2 = 6; .•.#» = j^- f ...(4); 

o 

2z 2 s 2 + 3z* 2 = 8; .\ ** = ■ 



2z* + 3z' 

transposing, 62 2 + 138 = 8; 
.% Rule II. page 178, 

12« + 13 = v/(192 + 169) = v/361 = ± 19; 
-13±19 . 
•••»= 12 = *' or -ti 

.-. * = ±2; *.\y = z* = ±£x 2 = ±1. 
If the other value of z be substituted in (A), we shall have 
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y^x" 4 ) 
These, equations are solved in the Algebra, page 233; they 
may be treated in a different way, as follows : 

Put * for - ; then the second equation becomes, 

9 

2 + iss Y; .-. 42 2 +4=17*; .% 4* 2 -17s = -4; 

.-. Rule II. page 178, 

8«-17= v / (-64 + 289)= ^225 = ±15; 

that is, ? = 4, or i; ,\ x = 4y, or | . . . (^); 

consequently, by substitution, the first equation becomes 

y 
either 4y + y = 5, or | + y = 5. 

From the former of these, y=l ; from the latter, y=4 ; 
.% (^), * = 4, or 1. 

[5.] Let x, y, represent the numbers; then by the question, 
supposing x to be the greater number, 

x 2 + y 2 = 89, x(x + y) = 104. 
Put y == zs; then these equations become, 

x 2 + * 2 * 2 = 89 
a? 2 + sa; 2 = 104; 

t 89 . . t 104 ... 

"•■i+? ,lnd ' s= rM ,, ' ,(i)j 

• .-. j^ = j^ii .-. 104 + 104 •* = 89 + 89s; 

transposing, 104z 2 — 89s = — 15 ; .-. Rule II. page 178, 

2082-89= -/(-6240+7921)= ^1681 = ±41; 

89 ±41 , 
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.-. (A), ** = i5i = 104 X A = «±"; ••• * = ±8; 

* 10 ^ 1A4 1, 13 * 13 ^ 13 ^2 

The values of y, corresponding to the first pair of values 

of x, are y = zx = ±4 x 8 = ±d ; and those corresponding 

A v . . , 13-/2 3^/2 

to the second pair are y = zx = -^ X — g — = —5— • 



.[6.1 Let the three numbers be represented by x —y, x, x+y, 
the first being the least, and consequently the third the 
greatest, then by the question, 

(*-y) 9 + *(* + y) = 28 

adding and subtracting, we have 

4** + 2y« = 72; a 2** + y« = 36 . , . {A) 

2xy = 16; .-. *y = 8; /.y=- 8 . . . (B); 

x 

hence, by substitution in (A), we get 

20* + ^ = 36; .\ 2** + 64 = 36**; .\ ** + 32 = 18 a? 2 ; 

that is, putting z for a? 2 , and transposing z* — 18* = — 32 ; 
completing the square, a 2 — 18s ■+• 81 = 49 ; .\ z — 9. = ±7 ; 

.-. z = 16, or 2. 
Taking the first of these values, we have x «s ±.4; conse- 

o 

quently y = - = ±2 : hence the three numbers are ±2, 

x 

±4, ±6; and these are the only rational members which 
fulfil the conditions of the question. 

Otherwise, As (-4), (27), **& homogeneous equations, we 
may apply the general method of the present article, and put 
f x for y ; we thus have 

2»* + .**» = 36, .•.««-j£ ft 
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.-;-i£» -*+*•-'■'• 

transposing, , 4 

2z 2 -9s = -4; .\4**-9=* ^(-32 + 81) = v^9 = ±7; 

&±7 , . 
.-. z =r -£— = 4, or £ ; 

....(^),^ = | = 2, or | =16; 
,\ a>=e ,/2, or ±4; 

therefore, taking account only of rational values, y = zx = 
±4x£ = ±2; consequently the three numbers are ±2, 
±4, ±6. • 

[7.] Let a?, y be the two numbers, then, by the question, 
xy = 12, and* a? 2 + y 2 :* 2 -y 2 :: 25 : 7; 

.\ 7i 2 + 7y 2 = 25*« - 25y 2 (Algebra, p. 222, art 105) ; 

.-. 32 2 = 18* 2 , orl6y 2 = 9* 2 ; 

3a? 
.-. 4y = 3«; r.y=*j\ 

substituting this in the equation xy = 12, we have 

3 -|^= 12; .-. ar 2 =16; .-. a?=±4; 

.-.^ = -4 =±3; 

consequently the numbers are ± 3 and ± 4. 

Otherwise. Putting zx for y in 4y = 3a?, and in xy '= 12, 
we have 4*a? = 3a? ; .\ s = | 

f**ssl3; .-.t^^; 
f -.i = i 2 ; .-.*»« 18; '.%a?«±4; 

.-. y = w=:±4xj = ±3. " 
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[8.] Let the four numbers be represented by 
x, x+.y, x + 2y, * + 3y; 
then, bf the question, x 2 + 3xy = 45 . . . (-4) * 

a? 2 + 3*y + 2y 2 = 77...(J?); 
subtracting the first from the second, we have 

2y 2 = 32; .\y 2 = 16; .\y = ±4; 
Consequently the first equation is 

a? 2 ±12* = 45; 
.'. Rule I. completing the square, 

x*± 12*+36 = 81; 
extracting the root, x±.6= ±9 ; .\ * = ± 9 + 6 ; 

so that the only positive value oflfe is 3 ; and since that of 
y is found above to be 4, the arithmetical progression re- 
quired is 3, 7, 11, 15. 

The homogeneous equations (A), (B), may of course be 
solved by putting zx for y\ but that here given is the more 
simple solution. 

[9.] Let x, y represent the numbers, then, by the question, 
a^ + y^lSOOl;..^) 
**-y 2 = 1449... {B); 
adding, 2* 2 = 14450; .\ s 2 = 7225; .-. x=±85; 
.-. (A), y* =13001-7225= 5776; ,\ y=±76; 
consequently the two numbers are ± 85, ±76. 

This is, of course, an easier solution than would be obtained 
by employing the general method of the present article. 

[10:] Let the three numbers be represented by 
x-y, x, x + y; 
then, by the question, 

(*-y) 2 + * 2 .+ (* + y) 2 = 93...(.i) 

3(*-y) + 4* + 5(s + y)=66.. . (B); 
from(£), 12* + 2y = 66; .\ y = 33 — 6a?; 
substituting in (A), 

(7*-33) 2 + ** + (33-5*)* = &3; 
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that is, 75a? 2 - 792a: + 2(33) 2 = 93; 
.\2o"a? 2 -264a: + 2xll X 33 = 31; 
.':25a: 2 -264*= -695; 

.\ Rule II., p. 178, 50a?- 264= •(- 69500 + 69696) 
= ^196 = ±14; 

264 ±14 K 1S0 
■•'■«*— jo— =V rW; 
taking the first of these values, we have 
y = 33 — 6aj = 3; 
.\ « — y = 2, and * + y = 8; 
therefore the numbers are 2, 5, 8. 

[11.] Let a?, y represent the numbers; then, by the question, 

* + y = #y = ff 2 + y 2 ; 

,\ 2x + 2y as 2a:y 

~_ — — — - - • 

adding, 3(a? + y) = 0* + y) 2 ; 

.-. 3 = a: + y = a;y . . . (4); 

.-.9 = (* + y) 2 
12 = 4a:y 

subtracting, — 3 = (a? — y) 2 ; 

.-. v^-3 s a?-y. ..(£); 
adding and subtracting (A), (B), 

3 + y— 3 = 2a?, 3— v'— 3 = 2y; 
... x « 4(3 + y-3), y = i(S - •- 3). 

. These are two imaginary quantities, showing that no real 
numbers satisfying the conditions of the question exist. 

[12/] Let the digits be represented by x, y,z; them the 
conditions of the. question are as follows : 

100a? + lOy + z : x + y + z :: 124 : 7 (1) 

100a; +10y + « + 594 = 100« + 10y + « . . . (2) 
y 2 = xz (3) 
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The proportion (1) may be replaced by the following, namely, 
99* + 9y :a + y + * ;: 117 : 7;* 
or, 11*+ y:* + y + s:: 13:7; 

.-. 77* + ly = 13* + 13y + 13* . . . (4); 
also from (2), 99« — 99**^594; .\ 2 — * = 6; .-. = 6 + *; 
consequently, (4) and (3), the three equations of condition, 
are ^ 

64*-6y = 13« (il) 

2 =6 + *... {B) 

y 2 ss *« ((7) ; 

substituting (2?) in both (-4) and (C), we have 
<34*-6y = 78 + 13*; .\51*-6y = 78; .\ 17*— 2y = 26, 
y 2 = 6* + * 2 j ... 4y 2 *=24* + 4* 2 ; 

but 4y 2 as (17*— 26) 2 , by the former equation, 
.\ (17*-26) 2 = 4* 2 + 24*; 
.\285* 2 -908*=-676; 

.-.Rule IL, page 178, 570*-908 =V(-^70604 + 824464) 

»v/53824=±232; 
908 ±232 

■■••— Bra—* 

,\ g=6 +*=8; .\ y= ^/*z=s4j 
consequently the number is 248. 

Otherwise. Let * be the first of the three digits, and y the 
common ratio, then the digits will be expressed by *, xy, 
xy 2 ; and, by the question, 

100*+10*y + *y 2 : x + xy + xy 2 :: 124 : 7; . 
.\ 100 + lOy + y 2 : 1+ y + y 2 :: 124 : 7; 
r. 99 + 9y : 1+ y + y 2 :: 117 : 7;* 
.'. 11 + y ;l+^ +y 2 .:: 13:7; ' 

* «4ny proportion a : b :: : rf, is equivalent to an equation ? ■= |; 

and by subtracting' 1 from each member of this, we have r — 1 <= 3 — 1 ; 
a _6 c — d b d ' 

that is, — t— = ~7JT~> •'• °~"* : * :: c "~ ^ u( *> ** * tt tne *•**• T he 
principle is also established at page 113 of the Algebra. 
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.-. 13y 2 +13y + 13 = 7y + 77; 
.-. 13y 2 + 6y=64; 

.-. Rule II., pa^e 178, 26y + 6 = -/(3328 + 36) = 73364 

. =±58; 

also, by the question, 

100a? + 10ay + a?y 2 + 594 = lOOsy 2 + lOay + x ; 
transposing, " 99* + 594 = 99sy 2 ; 

•\ x+ 6 = #y 2 = 4a; 

,\ 3s = 6; .\ s = 2; 

/. ary=4, a?y 2 = 8; 
consequently the number is 248. 



The solutions to the examples in the Algebra terminate 
here. Those who wish to prosecute the subject further, 
especially in reference to the theory and solution of Equations, 
will find the fullest information, and the most recent im- 
provements, in the author's " Analysis and Solution of Cubic 
and Biquadratic Equations," and in his larger work on 
" Equations of the Higher Orders." 

The two supplementary notes which follow, may also be 
worthy of the student's attention. The first of these exhibits, 
in a convenient and somewhat novel form, the general treat- 
ment of the subject of Elimination in Simultaneous Equations 
of the first degree ; and the second furnishes some additional 
particulars that may be found of use in the decomposition of 
Biquadratic Equations. The principles upon which this de- 
composition of Equations is founded, were first published by 
the author in Part I. of the " General Principles of Analysis," 
referred to at page 219 of the Algebra; and it is to this 
work that reference must be made for the application of the 
method to equations of the more advanced degrees. 
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NOTE (A.) Page 108- 

On Elimination in Simultaneous Equations op the Fibst . 
Degree.. 

At page 137 of the Algebra, sufficient explanation is given of 
the method of elimination as applied to three simultaneous simple . 
equations, when the coefficients in those equations are numbers. 

By following the directions there given, it is obvious that general 
formulae might be obtained for the three unknown quantities, when 
the coefficients are letters instead of numbers; just as general 
formulae were determined at page 134, for the unknowns in two 
simultaneous equations with literal coefficients. Like formulae, for 
the unknowns m three equations, we omitted to introduce for two 
.reasons: first, because the solution of an example, in which the 
"coefficients are all given numbers, is as readily effected by applying 
the general precepts to the particular case, as by substituting the 
particular values in the literal formula? ; while the actual operation, 
applied to each individual example, is a more instructive exercise for 
a learner, than the mere translation of letters into numbers. A 
second reason for omitting the general formulae is, that they are 
difficult to carry in the memory, while the operations, the results of 
which they embody, are very easily retained ; for the successive steps 
.in a great measure suggest themselves. 

But, notwithstanding all this, the general formulae are sometimes 
wanted, though* not in common algebra ; for there are many inquiries 
in which the relations of coefficients are more the objects of search, 
than the values of the quantities with which these coefficients -are 
connected : we therefore think it right to rec6rd the general formulae 
for the unknowns in three simultaneous equations here ; and, more- 
over, to present the learner with an easily remembered process for 
recovering them at any time, without a formal reference to a book. 
Operations in which the- eye and the fingers take part, as well as the 
mind, are usually more distinctly impressed on the memory than 
mere formulae. A person is less likely to forget the process for 
solving a quadratic equation, for instance, than the general form for 
the result of that process. 
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If we express three simultaneous simple equations as follows, 
namely, 

«i« + b\V 4 M + d\ = 
O2* + 0jy + M + di = 

<*.* + ftsy-|-c 8 2 + ^ = 

we shall find, by proceeding according to the precepts at page 137, 
that the values ol the three unknown quantities will be, 



a? = 



(6^ — 0,03)0, + (0,(5, — Ca^o, -I- (6s«i — ^6,)^ 

fa &» — &i fl»H 4 (q»Q| — ^H 4 (&A— ^q« K 
(a, b s — ©, a,)c, + (<h*>i — ©»«i) <* 4 (^o.— &i<*»)<?i 

These formulae, obtained as direoted, are not reached without a 
good deal of algebraical work; but we may arrive at them, with 
comparatively little trouble, by an easily remembered process, as 
follows :-r- 

1. Having fixed upon the unknown to be determined, draw a line 
under those terms of the last equation which involve the other two. 
unknowns. 

2. Multiply crouwite the coefficients, above this line, of the first 
and second equations, separating the resulting products by the minus 
ti£n. Do the same with the second and third equations, and then 
with the first and third; but, in this last operation, regard the first 
equation to be brought down under the third, before the cross mul- 
tiplication is performed, in order that each binomial product may 
have its signs regulated by a uniform principle — namely, that when 
the multiplier is on the left, and the multiplicand on the right, the 
resulting product is plus; and when the multiplier is on the right, 
and the multiplicand on the left, the product is Mm& 

This is all that need be made mere matter of memory. The three 
binomial expressions thus obtained will furnish the numerator of 
the sought value, when each binomial has connected with it, as a 
factor, tne final term (d\, d* or d*) of that equation which is not 
used in forming the binomial The denominator will consist of the 
same binomials ; but the factor belonging to each will here be that 
coefficient, in the same unused equation which is prefixed to the un- 
known whose value is to be determined. 

The binomials being obtained by cross multiplication, as just 
directed, the correct factors of them, whether in numerator or 
denominator, can require no effort. of memory; for a mere inspection 
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will show which of the three factors, in either ease, has claim to be 
introduced, to the exclusion of the others. 

Guided by these precepts, we shall now proceed to determine the 
value of 8. The terms involving x and v, the other unknowns, are 
the only terms written down, as the coefficients of these alone enter 
into the formation of the binomials. 

<h* + 6»y 

a»V— Mi 
0,6,-6,0, * 

These are the binomials which enter alike into numerator and de- 
nominator in the formula for *. For the numerator, they are to be 
multiplied by d* d\ t dt, respectively ; and for the denominator, by 
H> c\> c*. 

As observed above, it is plain, from inspection, that this is the 
proper order of the factors ; for if any other order were for a 
moment imagined to be correct* mere symmetry of position would 
forbid the arrangement. We could not, for instance, in forming the 
numerator, connect the binomial otbi—biOt, with d\ or d», seeing 
that each has equal claim to be selected, since both belong to the 
equations used in forming that binomial — a circumstance which 
precludes a preference for either ; and, on like grounds, in forming 
the denominator, this same binomial cannot take for factor either c\ t 
or e%. The value of * is thus very rapidly found to* be the expres- 
sion exhibited above; the order in which the binomials are connected 
together beftg, of course, of no moment. 

Proceeding in a similar manner for the determination of y, we 
have 

Oi# +6jS « 

ft* +<V* 
thd — c*o, 

U,vg •"" vgWf . 
«l^8 — «iO, 

These are the binomials which enter both numerator and denomi- 
nator of the expression for y. For the numerator, they are to be 
multiplied by a* d u d* respectively ; and for the denominator, by 
bu bifbh 

K 
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Lastly, for the binomials which enter into the expression for Sj we 
proceed in the same way : 

^c, — c.6, 

And these are to be multiplied by d* At d* respectively, for the 
numerator; and by a* a u a%, for the denominator. 

Although, as before stated, the foregoing process is recommended 
chiefly on account of the, facility with which it enables us to write 
the above general forms for jt, jr, and *, when the coefficients in the 
proposed equations are letters, it is, of course, equally applicable 
when the coefficients are numbers, and is indeed shorter than the 
methods in common use. In applying it in sueh particular examples, 
we may suppress any numerical factor which may happen to be com- 
mon to the coefficients in either of the two vertical rows that supply 
the binomials ; and these binomials themselves may also be freed 
from common factors. The following is an example taken at ran- 
dom — namely, to find * from the following equations : 

2* + 4y — 3f — 22=0 
4*— 2y + 5f — 18 = 
6* + 7y— f_63s0 

Suppressing the factor 2, common to the first vertical row of* 
coefficients, we proceed, for the determination *, thus, 

1+4 • 

2- 2 
3+ 7 

8 + 2 = lOor 2 
-6-14 = -20or-4 
7-12=- 5or-l 
2x63-4x22-1x18 _« ft _, 
• % * "" 2 x -1 -4 X -3- 1 x5 - " — * 

The value of z being thus determined, the three equations may 
now, by substitution, be reduced to two, containing x and y only ; 
or these unknowns may be found, independently of the value of i, 
by imitating the operation above. ' 
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NOTE (B.) Page 164. 
Decomposition o? Equations of the Fourth Degree. 

The method of decomposing certain equations of the fourth" degree 
into quadratics, as taught in the text, may, with a little address, be 
rendered applicable to many forms which at first sight might appear 
to be beyond its reach. 

There is a class of equations, called recurring equations, to which 
the process always applies with success. A recurring equation is one 
in which the coefficients recur, as in the following instances : 

x * — 6a? 8 + 2a? 2 — 6a? + 1 = 
a-* — 8x* + 3a? 2 - 8a? + 1 = 

where we see that if the entire row of coefficients were to be written 
in reverse order, their respective places' would be undisturbed. 

We shall here decompose each of these into a pair of quadratics ; 
and as the working process, so fully exhibited in the text, is nothing 
more than a new arrangement for the steps of a square root opera- 
tion, we shall here, for the sake of variety, give to tins operation the 
common form. 

Extracting the square root of the first member of a? 4 — 6ar s — 
6<r + 1, we get the desired quadratic factors of the expression as 
follows : 

**-6a: 3 + 2a; 2 -6a?:f-l(a? 2 -3a?+l 

a? 4 

2a? 2 - 3a?) -6a; 8 + 2a? 2 

— 6a; 8 4- 9a? 2 

2a? 2 -6a;+l) _7a; 2 -6a? + 1 

2a? 2 -6a? + l 
-9a? 2 



From this result we infer, that the proposed expression of the 
fourth degree is equivalent to 

(«? 2 -3a? + l) 2 -9a? 2 j 

and, consequently, that it is formed by the multiplication of the two 
quadratic factors, 

(*2_3a? + l)+3a?, 
and (a? 2 -3a; -hi) -3a;; 
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so that the given equation may be replaced by the two quadratic 
equations, 

* 2 + l=0; * 2 -6*+l=0 

which are of course very easily solved. 

Treating the equation ** — Sx s + 3# 2 — 8 x + 1 = 0, in the 
way, we have, 

a> 4 -8* 8 + 3* 2 — 8s + l(* 2 — 4a?+l 



2* 2 -4«) -8* 8 + 3* 2 
-8* 8 -f-16* 2 



-]3* 2 -8*+l 



-15* 2 



consequently, the proposed expression of the fourth degree is the 
same as 

(x* -4* + 1 + 4/l&*)(**-** + 1 - </!5.*) 
so that the two component quadratics are, 

tf2 + (,/15-4)tf+l = 0, 
and*'--(</15 + 4)«+l=0. 

Let us now take a recurring equation of the fourth degree, m the 
most general form — namely, 

a-4 + ax s + 6-r 2 -f a* + 1 = 0. 

Extracting the square root of the first member, as in the former 
particular instances, we have, 

a? 4 + ax* + 6a? 2 + ax + 1 (a? 2 + \dx + 1 
a* 

2 s 2 + ^as) aaf 8 + 6* 2 

aa? s -h^a 2 a; 2 



2* 2 + a*+l) (6-4a 2 )* 2 -h^+l 
2s 2 + ax + 1 

(6—4a 2 -2)* 2 ; 
consequently, the first member of the equation is the same aa 

(* 2 + iax + l) 2 - (Ja 2 - 6 + 2)* 2 
and, therefore, the component quadratics are, 

*« + (£«+ io 2 -^ + 2)*+l=0 
d .2 + ^a-. v /fi 2 ^-6 + 2)*+l = 0. 
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It is plain, from the final step in the square root operation, that 
the method applies, whatever be the signs of a and b. It is farther 
obvious that, the final term in each quadratic being 1, two of the 
four roots are the reciprocals of the other two. 

We shall now show, by an example or two, how, by the exercise 
of a little ingenuity, we may often secure a trinomial square for the 
final remainder of the square root process, when the method is 
applied to any equation of the fourth degree. The mode of proceeding, 
so as to get a monomial square for this remainder, is sufficiently illus- 
trated in the text. When the suitable monomial remainder does not 
exist, a trinomial remainder, answering the desired object, may often 
be obtained, as in the following* examples : 

1. **-|-2a?» + 2a? 2 -6a?-15=:0 

x 4 + 2* 8 + 2x* - 6a- 15 (** + x + 1 



2** + *) 2s 8 + 2* 2 



2a> 8 + 


* 2 






+ 2*+l) 


X* 

2* 2 


— 6s — 


15 

1 




-* 2 


— 8# — 


16 



This remainder is — (** + 8 a? + 16), the expression between the 
brackets being a complete square. 

It is always the object to secure for the remainder such a trinomial 
form, whenever we fail in obtaining for it a single term which is 
either a number, or else something-times 2*. 

As the first member of the proposed equation is thus found to be 
equivalent to (*_ 2 + x + 1) 2 — (x + 4) 2 , 

it follows that the equation may be replaced by the form 

{(x*+x+l) + (x+4)}{(x*+x + l)-(x + 4:)} = 0; 
and, therefore, by the two quadratics, 

a? 2 + 2# + 5 = 0, s 2 — 3 = 0. 
2. * 4 -* 8 -8* 2 + 16a?-8=:0 

#*-**- 8* 2 -tl6*-8(» 2 -£«-l 

2* s -4*) -* 8 - 8* 2 

-s 8 + \x* 



lx 2 -x— 1) -Y* 2 + 16*-8 
- 2* 2 -H *+l 



--y^ + lgs-^ = - (f *- 3) 2 ; 
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consequently, the equation is the same as 

(ff'--40-l)i_.(4*-3) s b 0; 
and, therefore, the component quadratics are 

«* + 2x — 4 a 0, a? 2 — 3x + 2 = 0. 

The student must perceive, from these examples, that, in applying 
the present method of analysing an equation of the fourth aegree 
into a pair of quadratic factors, all that is necessary is a little careful 
consideration m the management of the final step, in the operation 
of extracting the square root. . He is to observe, nrst, whether there 
be any number which, put in the root's place for the final term, can 
cause either the first two or the last two terms of the dividend 
reached to become cancelled from the final remainder. A very little 
examination is sufficient to settle this point, as he must have already 
felt in working the examples in the present Key. If no such number 
exist, then he is to seek a number for the last term of the root, such 
that the final remainder resulting from it may be a complete tri- 
nomial square, as in the foregoing examples. The suitable number 
will, in general, be readily discovered, provided the equation really 
admit of the desired decomposition, without the aid of principles 
beyond the scope of quadratic equations. The suitable number 
always exists, and may always be found by aid of the solution of a 
cubic equation ; but our purpose here is to effect the object, whenever 
possible, without resorting to this aid ; and no method has hitherto 
oeen proposed which is successful, in so great a variety of different 
forms of equations) as the method so fully illustrated in the Algebra 
and in this Key. 

3. ** + 2* 8 -16* 2 + 19*- 6 = 

*4 + 2* 8 -16* 2 -19*--6(* a +*--4 



2** + *) ' 2* 8 -16* 2 
2a? 8 + * 2 



2** + 2*-i) -17s* +19* -6 

— * 2 -- * + £ 

-16s 2 -f 20*-- ¥ = -(4*- $) 2 

consequently, the first member of the equation is equivalent to 
<**+*-i)*-(4*-$)«; 

and, therefore, the equation itself is decomposable into the two 
quadratics, 

*a + 5x - 3 s 0, * 2 — 3* + 2 = 0. 
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4. * 4 + 2x* + 3a? 2 -J- * + 3 = 

a? 4 + 2* 8 + 3* 2 + * + 3 (a? 2 + x 
x A 
2x* +a?) 2ar> + 3ar 2 
2a? 8 + ar 2 

2a; 2 + a; + 3. 

Here, without proceeding further, we see that if the quadratic 
remainder now obtained were equated to zero, the roots would be 
imaginary ; for four times the product of the extreme terms exceeds 
the square of the middle term (see Algebra, page 180). We there- 
fore conclude at once that all the roots of the proposed equation 
are imaginary, the first member of it being equivalent to 

(»« + *)» + (2«« + * + 8), 
which is the sum of two quantities necessarily positive, whatever real 
value be put for x : it is impossible, therefore, that any real value oi 
x can ever render the expression equal to zero. 

We shall terminate these remarks by showing how a general 
criterion may be obtained, such that when the condition of it is 
fulfilled, we may at once conclude that the equation tested by it 
must have all its roots imaginary; but instead of extracting the 
square root, as in the examples given above, we shall proceed by the 
more compact and convenient process employed in the Algebra. 

Let the general equation of the fourth degree be 

a? 4 + ax* + 6a; 2 + ex + d = ; 
then, decomposing into factors, we have the pair, 
x % ±: */{— a# 3 — &ff 2 — cx — d} 
x* + iax±</{-r-(b-±a*)x 2 ->cx-d}; 

now, if the expression 

(6 — \a*)x* + cx + d. .. (A) 

be always positive, whatever real value be put for x, then, as in the 
preceding particular example, the first member of the equation will 
become equivalent to the sum of two expressions, both of which are 
necessarily positive for every real value of x, and, consequently, can 
never become zero for any such value. But (A) is always positive 
for real values of x, provided it fulfil the condition, 
4(6_£a 2 )d>c 2 
or(4o-a 2 )d>c 2 ; 

d being positive. This, therefore, is the criterion, the fulfilment of 
the condition of which implies the impossibility of all the roots of 
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the equation. If the second term, a*\ be absent from the first 
member, then the criterion takes the more simple form, 

46<*>c»; 

and it is plain that if, instead of >, (the sign for "greater ika*,") 
the sign = (of equality) be put, the same conclusion follows; for 
the first member of the equation will still be formed of the sum of 
two squares, as (J) in that ease will be a complete square.* 

The student will, of course, keep in remembrance that although, 
when the above condition is fulfilled, the roots are all necessarily 
imaginary, yet it does not follow that they may not be imaginary 
though the criterion faiL In a quadratic equation, the criterion 
of imaginary root* holds directly and conversely. If the criterion 
(Algebra, page 180) be satisfied, the roots are imaginary ; and if the 
roots are imaginary, the criterion must be satisfied: but the latter 
inference does not necessarily follow from what is done above. 



NOTE (C). 

New Method of nrvESTiGATivG the Exponential Theorem. 

At page 239 of the Algebra, the development of a* 9 according to 
the ascending powers of x t is shown to be 

where J is & constant quantity depending entirely upon a. The 
actual determination of A is. however, postponed to the article on 
Logarithms (p. 244) ; and the discovery of its value, by help of that 
theory, is not unattended by what a learner may consider some amount 
of difficulty. We therefore propose to give here a shorter and 
easier investigation of the Exponential Theorem. 
By the Binomial Theorem, 

• There is, however, one ease of exception, namely, when the roots of 
(A)~0 also satisfy the equation x 2 + laz—0, ora& + |a = 0, in 
which case the proposed equation would have a pair of equal roots, each 
of the pair being x « — f a ; but the other two roo$s would necessarily 
be imaginary. 
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/i . \- i . m(m— 1) Q , m(m— l)(m— 2) a 
(l+q)» = l+ffla + v 2 ; a 2 +~^ — ^ 'a 8 +, ike. 

(l+ a )-._l w _l (w-l)(m-2) . . 
.-.L+jL «« + _«« + < ^ J a s+ >lfca 

This being an identical equation, any value whatever may of course 
be put for m. Put m = 0, and we have 

The zero may be replaced by the symbol — : introducing this 

change, therefore, and putting a - 1 for <*, since a may be anything, 
we have* 

oo (a* -.l) = ( a ~l)-4(a^l)^4(a-.l)8^i(a-l)*+, &a 
Call the right-hand member of this identity J, then 

1 LA A °° 

co(aS-l)=jij .\a»»l+-; .•.<*=(! + -- ); 

consequently, taking the power x of each side of this equation, and 
assuming the truth of the Binomial Theorem in its general form, we 
have 

. - A oo«(ooa?— l),A\ 2 . oo#(ooa?— l)(oo#— 2) 

«-'+»* 5 + "=4— fe) + .2.3 ' 

or, which is the same thing, observing that — = 0, 

00 

- i . °° a oo .oo ,4 2 a? 2 oo .oo .oo j4 8 a 8 . 

, , . A*** , A*x* , A*x* 
= l+** + -2~ +XF + 2.XI+'* - 

where 4 = (a - 1) - $(a - 1)» + J(a- 1)»- |(a-l)*+, &o. 
The student will peroeive that there it some novelty in the 



Digitized by 



Google 



KEY TO YOUNG'S ALGEBRA. 

preceding reasoning : the symbol 0, or its equivalent — . play* •» 

important part in the several steps, and is considered throughout as 
subject to the same rales of operation as all the other symbols of. 
arithmetic. In dealing with expressions that are perfectly general, 
and therefore entirely unrestricted as to the numerical values of the 
algebraical characters which enter into them, it is plain that the 
whole range of the numbers of arithmetic, from up to *> , is 
available for the purpose of a suitable selection to accomplish the end 
in view. If an equation be true for all values of any arbitrary 
symbol entering it, it is necessarily true for the values and oo ; and 
those who would maintain that these should be excluded from the 
operations of arithmetic, are bound to show at what small value, 
greater than zero, the available arithmetical scale of numbers com- 
mences, and at what great value, short of infinity, it terminates. 
But it would be futile to insist upon any such imaginary limitations. 
Zero-values are recognised as fully, and operated upon as freely, in 
the earlier parts of Algebra, as the other symbols of arithmetic : it 
is only in the more advanced departments of the subject that analysts 
entertain any scruples about the introduction of zero and infinity. 
If one side of a simple equation consist of significant quantities, and 
the other side be zero, no one ever feels any hesitation about applying 
the same operations to both sides ; and if zero be admitted to the 
claims of Algebra at one stage of its progress, there can be no valid 
reason for ignoring its existence in any of the subsequent investiga- 
tions of that science. 

As the foregoing instance shows, a cautious use of this symbol, in 
rigid conformity to the laws of Algebra, which govern operations with 
symbols in general, may lead to interesting results ; and the inauiring 
student, in the course of his further analytical progress, will meet 
with many important theorems that cannot be established, in a 
perfectly secure and unobjectionable manner, without bringing zero 
into full subjection to the general laws of analysis. 

If, in the foregoing expression for A, a be supposed to take a value 
such that A may become equal to I, then representing that value of 
a by e, the Exponential Theorem becomes 

x* x* x* . 

And, by the aid of this, we may readily obtain the development of 
the expression 

x 

a development of frequent use in some of the higher departments of 
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analysis. Bat it is introduced here chiefly for the purpose of illus- 
trating a method of applying the principle of indeterminate coefficients, 
which will often dispense with much of the symbolical work usually 
introduced into the process. 

It is plain that if the preceding series for e* were actually substi- 
tuted in the expression proposed, the leading term of the required 
development, arranged according to the ascending powers of x t would 
be 1. We may therefore assume that 



= l + Ax + Bx* + Cx* + Dx*+toc; 



and consequently that * 

* = (*+? + + 2^ + ^' )X 

(1 + A x + Bx* + Cx* + Dx* + <fcc.) 

Now, as this is an identical equation, the product furnished by 
the second member must be such, that the coefficients of the powers 
of A after x itself, must be severally zero. It is evident that the 
coefficient of x* may be got by fancying the first two terms, \ + Ax y 
of the multiplier to be reverted ; that is, to be written Ax+\ t and 
then multiplying each by the term above it. In like manner, the 
coefficient of ar* is obtained by reversing the three leading terms of 
the multiplier, and proceeding in a similar way; and so on, to any 
extent. We thus get 

*+i+n-° 

„ B A 1 

OB A 1 _ 

^ + 2 + 2T3+2X1 + 2.3.4.5 - ' 
&c &c. &c. 

These equations establish the law of the coefficients, and for their 
actual values give 

to that the development of the proposed expression is 

* _i 1 j. 1 ** 1 x * ^j^ 
STTT - i ~ 2* + 6"3 " 30* OT4 + ** 
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It is usual to represent the numbers 

1 l a l j, ' 

by the symbols 4, 4, 4, J?*, <fec. 

and to call them the Numbers of Bernoulli, on account of the use 
first made of them by the analyst of that name. 

Employing this notation, the identical equation above referred to 
would be 

•-(* + ! +0+^i + IXO + 4& > x 



r , .; x 



s 



(1 + 22?, s + »* rj + 44 |X4 + « A jxct + &o.) 

from which we deduce, b 
following conditions; name 



from which we deduce, by multiplying as already explained, the 
oely, 



2i, + ls0 

34+34 + 1 = 

44 + 64 + 44 + 1 = 

6B t + 104 + 10 4 + 6^ -|- 1 ss 

64+1^4 + 204 + 154+64 -hi =0. 

In these expressions, when taken in reverse order, we. recognise 
the law of the coefficients in the development of a binomial, the final 
coefficient in each case being absent. If therefore, in the develop- 
ment of (1+2?)", we only remember to write the several exponents 
of B, as they arise, below, instead of above, that symbol, we may 
express the general law, under which the preceding particular cases 
come, by the following form \ namely, 

(i+i?)--4 = 0, 

which, as n is necessarily a whole number, may always be expedi- 
tiously developed by deducing the several coefficients, one after 
another, in the usual way, all of them being integral 

If we agree that the development of (l+2?]£ should differ from 
that of the binomial (1+2?)" only by the position of the index *, 
then the general form would be 

(l+2?),._4=0. 

Thus for » = 4, we should have 

(l+*) 4S .l+44 + 64 + *4 + 4i 

.-. (l + 2?)4-4 = 1 + 44 + 64 + 44- 



Digitized by GoOgle * 



NOTES. 205 

The method employed above, in the management of the indeter- 
minate or conditional coefficients, may always be applied with ad- 
vantage in the multiplication of any two series together, which 
proceed according to the powers of x, more especially when the 
coefficient of a specified power of x in the product is alone required ; 
taking care, of course, to replace absent terms in either series by 
seros. Thus, the coefficient of ar 4 , in the product, 

(a + bx + c«* + dx* + ex* + Ac.) X 
(0|+ &!* + c x x* + dtX* + e x x* + Ac.), 
is at once found, as above, to be 

ae x + bd^ + cc, + db x + ea la 

In like manner, if there be three series, we may find, as before 
explained, all the terms in the product of two, up to that involving 
the specified power inclusive ; and then, as here, introduce the third 
series to find the coefficient of that power in the product ; and so on, 
for any number of series. 

The method may obviously be varied by multiplying the coefficients 
in cross order. 

We here terminate these supplementary investigations. They 
mijrht have been suppressed altogether, without diminishing the 
claim of the present work to its title as a Est to the "Introduction 
to Algebra; but one object of the elementary treatise just men- 
tioned, is to stimulate the learner to further inquiry,— -to create in 
him a taste for analytical pursuits, — and to foster a desire for more 
advanced attainments. One of the most important ends of Algebra 
is the accomplishment of the general solution of equations; and 
although, as stated in the Preface to this book, we do not think it 
judicious, in an elementary writer on any subject, to be continually 
decoying the learner from the authorized beaten path into tracks of 
his own; yet, to promote the purposes hinted at above, and to 
suggest practical facilities in the management of things of acknow- 
ledged difficulty, of which he must necessarily treat, he may perhaps, 
without incurring censure, deliver what he considers to be improve- 
ments, in a few supplementary pages, as we have done here. 
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